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M NHA XUAT BAN GIAO DUC VIET NAM



BO GIAO DUC VA PAO TAO

DOAN QUYNH (Téng Chi bién) - VAN NHU CUONG (Chu bién)
PHAM VU KHUE - BUI VAN NGHI

HINHHOC

NANG CAO

(Tdi ban lan thit muoi bon)

NHA XUAT BAN GIAO DUC VIET NAM

Hady bdo qudn, giit gin sdch gido khoa dé danh tang cho cdc em hoc sinh lop sau !



NHUNG DIEU HOC SINH CAN CHU Y KHI SU DUNG SACH GIAO KHOA

1. Khi nghe thay c6 gido giang bai, luén luén c6 SGK tru6c mat. Tuy nhién
khong viét, vé thém vao SGK, dé nam sau cac ban khac cé thé dung dudc.

2. Vé trinh bay, sach gido khoa c6 hai mang : mang chinh va mang phu.
Mang chinh gém céac dinh nghia, dinh Ii, tinh chét,... va thudng dudc dong
khung hoac cé dudng vién 8 mép trai. Mang nay dudc in IUi vao trong.

3. Khi gap Cau hoi , can phai suy nghf, tra I8i nhanh va dung.

4. Khi gap Hoat dong ]% cac em phai ding but va gidy nhap dé thuc hién
nhiing yéu cau ma hoat déng doi héi.

Ban quyén thuoc Nha xuat ban Gido duc Viét Nam - Bo Gido duc va Dao tao
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CHUONG

Mui tén chi huong cho ta
Bay theo 16i dy at la dén noi !

Vecto 1a mét khai niém todn hoc méi déi véi cac em.

Hoc chuong nay, cac em phai hiéu dugc vecto 13 gi, thé nao
la t6ng, hiéu cla hai vecto, tich clia mdt vecto véi mot sé.
Nhimg kién thiic nay rat quan trong, ching 1a co sé dé hoc
mon Hinh hoc clia cé ba I6p 10, 11 va 12.




CAC PINH NGHIA

1. Vecto la gi ?

Trong Vat 1i, nhitng dai lugng nhu van toc, gia toc, luc,... duge goi la
dai luong cé hudng. Dé xac dinh cic dai luong d6, ngoai cudng do cua
ching, ta con phai bi€t hudng cua ching nita.

Vi du : Mot chiéc tau thuy chuyén déng thang déu véi toc do 20 hdi li mot
gio, hién nay dang o vi tri M. Hoi sau 3 gio nita né sé ¢ ddau ?

Cdc em c6 thé trd loi cau hdi dé khong ? Vi sao ?
Hinh 1 12 hai d6 mot ving bién tai mot thdi diém
nao d6. C6 hai tau thuy chuyén dong thing déu ma
van t6c duoc biéu thi bang mii tén. Cdc mii tén
van t6c cho ta thady : Tau A chuyén dong theo
huéng Dong, con tau B chuyén dong theo hudng
bong — Bic. Toc do tau A bang mot nura toc do
tau B (do miii tén cua tau A dai bing mot nira mii
tén cua tau B).

Hinh 1

Nhu vay, cdc dai luong c6 huéng thudng dugc biéu thi bing nhitng miii tén
duoc goi 1a nhitng VECTO. Vecto 12 mot doan thiang nhung c6 huéng. Dé
biéu thi cho huéng ctia doan thing ta thém mot dau "»" vio mot trong hai
diém mut cta doan thang dé.

Gia st ta c6 doan thang AB (cling c6 thé viét

12 doan thing BA). Néu thém dau "» " vao A B4 ) B
diém B thi ta ¢6 vects véi diém dau 1 A va % - )

diém cuodi 1a B (h. 2a). Néu ta thém dau

"," vio diém A thi ta dugc vecto véi diém dau 1a B va di€ém cudi 1a A (h. 2b).
Nhu vay, vecto 12 mot doan thang da xic dinh mot huéng nao dé trong hai
huéng c6 thé c¢6 ctia doan thang di cho. Huéng clia vecto 13 hudng di tir

diém dau dén diém cudi.



DINH NGHIA

Vecto la mot doan thdng cé huong, nghia la trong hai diém
miit ciia doan thdng, dda chi ré diém nao la diém ddu, diém
nao la diém cudi.

Ki hiéu

Neéu vecto c6 diém dau 1a M va diém cudi 1a N thi ta ki hiéu vecto do6 1a

MN.

Nhiéu khi dé thuan tién, ta cling ki hiéu mot vecto xdc dinh ndo d6 biang mot

—

chit in thudng, v6i miii tén & trén. Chang han vecto @, b, X, y, ...

Vecto-khong
Ta biét ring mdi vecto c6 mot diém ddu va mot diém cudi ; moi vecto hoan
toan duoc xac dinh néu cho biét diém diu va diém cu6i ciia né.

Bay gid, v6i mdi diém M bat ki, ta quy udc ¢6 mot vecto ma diém dau 1a M
va diém cudi cling 1a M. Vecto d6 dugc ki hiéu 12 MM va goi la
vecto-khong (c6 gach noi gitta hai tir).

" Vecto cé diém ddu va diém cudi triung nhau goi la vecto-khong.

2. Hai vecto cung phuong, cung hudng

V6i mbi vectd AB (khdc vecto-khong), dudng thing AB dugc goi 1a gid

clia vecto AB. Con d6i v6i vecto-khong AA thi moi dudng thang di qua A
déu goi 1a gid cua nd.

Hinh 3



_— — — —  ——

a) Trén hinh 3, ta c6 cac vecto AB, DC, EF, MN, QOP.

Hay chid y dén hai vecto AB va DC , chung c6 gid song song v6i nhau. Hai
vecto AB va EF cling c6 gid song song. Con hai vecto DC va EF thi ¢6
gia trung nhau.

Trong cac trudng hgp do, ta nodi rang : Cic vecto A7i F(i EF ¢6 cung
phuong, hay don gian la cung phuong.

Hai vecto MN va @ c6 gia cat nhau. Ta noéi hai vecto d6 khong ciing
phuong. Vay ta c6 dinh nghia

b) Bay gio hay chu y t6i cac cap vecto cung phuong trén hinh 4.
N

Hai vecto duoc goi la cung phuong néu chiing cé gid song
song hodc trung nhau.

R& rang vecto-khong cung phuong véi moi vecto.

Q

Hinh 4
Hai vecto AB va CD cung phuong, va hon thé€ cdc mii tén biéu thi AB va
CD ¢6 cung huéng, cu thé 1a huéng tir trdi sang phai.
Trong truong hop nay, ta noéi : Hai vecto AB va CD cung huong.
Hai vecto MN va FQ cing phuong, tuy nhién ta thay rdng chiing khong
cung hudéng vi vecto MN huéng 1én phia trén, con vecto ITQ thi huéng
xuong phia dudi.
Trong truong hop nay, ta noi : Hai vecto MN va fTQ nguoc huong.
Nhu vay

Néu hai vecto cung phuong thi hodc chiing cing huong,
hodc chung nguoc huong.

& CHU Y

Ta quy udc rang vecto-khong cting huéng véi moi vecto.



3. Hai vecto bang nhau
Mbi vecto déu c6 mot dé dai, d6 1a khoang cédch giita diém dau va diém
cudi cta vecto d6. Do dai cua vecto @ dugc ki hiéu la | d | .

Nhu vay, doi véi vecto AB, PQ.,... tacod

PQ| = PO = QP, ...

Theo dinh nghia dé dai ¢ trén thi vecto-khong cé do dai bang bao nhiéu ?
D

|AB| = AB = BA,

Ta biét rang hai doan thang goi 12 bang nhau néu
do dai cta ching bang nhau. Trén hinh 5 ta c6 A C
hinh thoi ABCD. Bon canh cua hinh thoi l1a bon

doan thang bang nhau. Boi vay ta viét 5

AB=AD =DC = BC. Hinh 5
Hai vecto AB va AD trén hinh 5 ciing ¢é do dai bang nhau, nhung liéu
chiing ta cé nén néi rang chiing bang nhau va viét AB = AD hay khong ?
Visao vay ?
Con doi véi hai vecto AB va DC thi ¢6 nhdn xét gi vé do dai va hudng
cta chiing ?
Mot céch tu nhién ta dinh nghia hai vecto bang nhau nhu sau

DINH NGHIA

Hai vecto duoc goi la bang nhau néu chiing ciing huéng va
cung do dai.

Néu hai vecto @ va b béng nhau thi ta viét @ = b .

& CHUY
Theo dinh nghia trén thi cdc vecto-khong déu bang nhau
AA = BB = PP = .... B vay, tit nay cic vecto-khong duoc ki hiéu
chung la 0.

1
ﬁHéy vé mot tam giac ABC véi cac trung tuyén AD, BE, CF, rdi chi ra cac bd ba

vecto khac 0 va doi moét bang nhau (cac vectd nay c6 diém dau va diém cudi dugc
|4y trong sau diém A, B, C, D, E, F).

Néu G la trong tam tam giac ABC thi c6 thé viét AG = GD hay khéng ? Vi sao ?
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\Cho vecto @ va mot diém O bat ki. Hay xac dinh diém A sao cho OA = 4. C6 bao
nhiéu diém A nhu vay ?

Trong Vat Ii, mot luc thudng dugc biéu thi bdi mot vecto. Do dai clia vecto
biéu thi cho cudng do cta luc, huéng cuia vecto biéu thi cho hudng cua luc
tdc dung. Piém dau cla vecto dat & vat chiu tic dung cta luc (vat do
thudng dugec xem nhu mot diém).
Trén hinh 6, hai nguoi di doc
hai bén bo kénh va cung kéo
mot khic gb di nguoc dong.
Khi d6 c6 céc luc sau day tac
dung vao khic gbé : hai luc
kéo F} va Fz cua hai nguoi,

luc F3 cua dong nudc, luc

ddy Ac-si-mét F4q cla nudc
l1én khic gb va trong luc Fs Hinh 6
cua khic go.

Uy-li-am Ha-min-ton (William Hamilton) la nha
toan hoc ngudi Ai-len. Ong da viét mot trong
nhitng cong trinh toan hoc dau tién vé vecto.
Ong 1a ngudi xay dung khai niém qua-téc-ni-ong,
mét dai luong giéng nhu vecto, ¢ nhiéu (ng
dung trong Vat Ii.

Cau héi va bai tép
1. Vecto khdc vé6i doan thang nhu thé nao ?

2. Cic khang dinh sau day c6 ding khong ?
a) Hai vecto cung phuong v6i mot vecto thit ba thi cung phuong.



b) Hai vecto cting phuong v6i mot vecto thi ba khic 0 thi cing phuong.
¢) Hai vecto cung huéng v6i mot vecto tha ba thi cung hudng.

d) Hai vecto ciing huéng véi mot vecto thi ba khac 0 thi ciing hudng.
e) Hai vecto nguoc huéng véi mot vecto khac 0 thi ciing hudng.

f) Diéu kién can va du dé hai vecto bang nhau 1a chiing c6 do dai bang nhau.

Trong hinh 7 duéi day, hay chi ra cac vecto cung phuong, cac vecto cung
hudng va cdc vecto bang nhau.
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Hinh 7

Goi C Ia trung diém cha doan thing AB. C4c khiang dinh sau day ding
hay sai ?

a) AC va BC cung hudng ; b) AC vaAB cung hudng ;
C)A_B'VEIB_C’ ngugc hudng ; d)]@]=|ﬁ|;
e) |AC|=|BC]|; f) |AB|=2|BC|.

Cho luc gidc déu ABCDEF. Hiy vé céc vecto bing vecto AB va c6
a) Cac diém dau 1a B, F, C; b) Céac diém cudi la F, D, C.

TONG CUA HAI VECTG

Chiing ta da biét vecto 1a gi va th€ nao 1a hai vecto bang nhau. Tuy cdc
vecto khong phdi 1a nhitng con s&, nhung ta cling c¢6 thé cong hai vecto véi
nhau dé duoc tdng cla ching, cling c6 thé trir di nhau dé duoc hiéu cua
ching. Hoc sinh cin niam vitng cdch xac dinh téng va hiéu cua hai vecto
cling nhu céc tinh chat cta phép cong va phép trir vecto.



1. Dinh nghia téng cla hai vecto o

Hinh 8 mo ta mot vat dugc doi sang vi
tri m&i sao cho ciac diém A, M, ... clia
vat dugc doi dén cac diém A’, M’,... ma
AA’ = MM’ = .... Khi d6 ta néi rang :
Vat dugc "tinh tién" theo vecto AA’. M /

0

Trén hinh 9, chuyén dong ciia mot vat Hinh 8
duoc mo td nhu sau : T vi tri (I), né duoc A 4 cC/ 7
tinh tiéh theo vecto AB dé dén vi ti (II). #
Sau dé né lai duoc tinh tién mot lan nita (1) (1)
theo vecto BC dé dén vi tri (111).

Vdt cé thé duoc tinh tién chi mot ldn dé -
tir vi tri (1) dén vi tri (IIl) hay khong ? (1)
Néu co, thi tinh tién theo vecto nao ? Hinh 9
Nhu vay c6 thé néi : Tinh tién theo vecto AC "bang" tinh ti€n theo vecto
AB r16i tinh tién theo vecto BC.
Trong Todn hoc, nhitng diéu trinh bay trén day dugc n6i mot cidch ngan gon :
Vecto AC la tong cia hai vecto AB va BC.
Ta di dén dinh nghia (h. 10)
Cho hai vecto @ va b. Ldy mot diém A nao dé réi xdc dinh
cdc diém B va C sao cho AB =d, BC = b. Khi dé vecto AC
duwoc goi la tong ciia hai vecto d va b. Ki hiéu

AC =d + b.

Phép ldy tong ciia hai vecto duoc goi la phép cong vecto.

B
b

]l

a K
Hinh 10
10



1

ﬁHéy vé mot tam giac ABC, r6i xac dinh cac vectd téng sau day
a) AB + CTE ;
b) AC + BC.

2
ﬁHéy vé hinh binh hanh ABCD véi tam O (O la giao diém hai dudng chéo). Hay viét

vectd AB duoi dang téng cla hai vecto ma cac diém muat cla chung dudc Iay
trong nam diém A, B, C, D, O.

2. Cac tinh chat cua phép cdng vecto

3
Chung ta biét rang phép coéng hai s6 c6 tinh chat giao hoan. B6i v6i phép cong hai
vecto, tinh chat d6 cé dung hay khéng ? Hay kiém chiing bang hinh vé.

4

73\;\ Hay vé cac vecto OA = d, AB = 5, BC =& nhutrén b B
hinh 11. Trén hinh vé& d6 A
a) Hay chi ra vecto nao la vecto d + b, va do do, 2 <
vecto nao la vecto (@ + b) + .
b) Hay chi ra vecto nao la vecto b +¢ va do d6 0 C

vecto ndo la vecto d + (I; + 7). Hinh 11

c) TU d6 c6 thé rut ra két luan gi ?

Tu cac hoat dong trén, ching ta suy ra cac tinh chat sau day cua phép cong
vecto (cling giong nhu cac tinh chit cia phép cong céac s0)

1) Tinh chdt giao hodn : d + b=bh +d;
2) Tinh chdt kéthop : (@ +b)+=ad+ (b +7);

3) Tinh chdt ciia vecto-khong : @ + 0 = a.

& CHU Y
Do tinh chét 2, cdc vecto (@ +b) + ¢ va @ + (b + ©) bing nhau,
bdi vay, tir nay ching duoc viét mot cach don gidn 12 @ + b + ¢,
va goi 12 tong ciia ba vecto d, l;, c.

11



3. Cac quy tac can nhé
Tu dinh nghia tong clia hai vecto ta suy ra hai quy tic sau day

QUY TAC BA DIEM (h.12) M

Vi ba diém bdt ki M, N, P,

ta co P
MN + NP = MP. N
Hinh 12
QUY TAC HINH BINH HANH (h.13) 0 _A
Néu OABC la hinh binh hanh
thi ta co
OA + OC = OB. ¢ B

Hinh 13
a) Hay gidi thich tai sao ta cé quy tdc hinh binh hanh.

b) Hay gidi thich tai sao ta cé |Ei + 1;| < lal + |l;|

Bai toan 1. Chiing minh rdng vdi bon diém bdt ki A, B, C, D, ta ¢

AC + BD = AD + BC.
Gidi. Diing quy tic ba diém ta c6 thé viét AC = AD + DC . Bdi vay
AC + BD = AD + DC + BD = AD + BD + DC (do tinh chat giao hodn)
= AD + BC (quy tic ba diém d6i vé6i B, D, C).

5
ﬁDl‘mg quy tac ba diém, ta cling c6 th viét AC = AB + BC . Hay tiép tuc d& c6 mot
cach chiing minh khac cla Bai toan 1.

Bai toan 2. Cho tam gidc déu ABC c¢é canh B D
béng a. Tinh dé dai ciia vecto téng AB + AC .
Gidi. Ta ldy diém D sao cho ABDC 12 hinh binh
hanh (h. 14). Theo quy tac hinh binh hanh ta c6 /.
AB + AC = AD . Hinh 14

12



Vay AB + AC| = |aD| = AD.
Vi ABC la tam gidc déu nén ABDC 1a hinh thoi va do dai AD béng hai lan

duong cao AH ctia tam gidac ABC, do d6 AD = 2 x % = avf3.

Tém lai, |AB + AC| = av/3.

Bai toan 3

a) Goi M la trung diém doan thdang AB. Chitng minh rdang MA + MB = 0.
b) Goi G la trong tam tam gidc ABC. Chitng minh rdang GA + GB + GC = 0.
Gidi

a) Theo quy tic ba diém, ta c6 MA + AM = MM = 0. Mat khéc, vi M la

trung diém clia AB nén AM = MB. Vay A
MA + MB = 0.

b) (h. 15) Trong tam G nam trén trung tuyén

CM va GC =2GM. Dé tim téng GA + GB , ta

dung hinh binh hanh AGBC’. Mudn vay, ta chi

can lay diém C’ sao cho M la trung diém GC’. c B

Khi d6 GA + GB = GC’ = CG . B&i vay Hinh 15

GA +GB + GC = CG + GC = CC = 0.

Trong loi gidi ciia Bai todn 3, ta dd ding dang thirc GC’ = CG. Hay gidi
thich tai sao cé ddng thitc dé.

GHI NHO

Néu M la trung diém doan théng AB thi MA + MB =0 ;
Néu G la trong tdm tam gidc ABC thi GA + GB + GC = 0.

& CHU Y

Quy tic hinh binh hanh thudng duoc 4p dung trong Vat Ii dé x4c
dinh hop luc cua hai luc cung tac dung 1én mot vat.

13



10.

11.

12.

14

Trén hinh 16, c6 hai luc F; va F, cung
tdc dung vao mot vat tai diém O. Khi do
c6 thé xem vat chiu tdc dung cla luc

—

F =F + F, 1a hop luc cla hai luc F|

va 1?2 .Luc F duge xéc dinh theo quy tac
hinh binh hanh. Hinh 16

Cau héi va bai tép

Chiing minh rang néu AB = CD thi AC = BD.

T gide ABCD 12 hinh gi néu AB = DC va |AB| = [BC| 2

Cho bon diém bat ki M, N, P, Q. Chiing minh céc dang thifc sau
a) @ + NP + MN = @ ;

b) NP + MN = Q? + @ ;

¢) MN + PQ = MQ + PN.

Cac hé thic sau day diung hay sai (v6i moi d va b )?

a) |a + bl =lal +1p] ; by | + bl <lal+5l.

Cho hinh binh hanh ABCD véi tam O. Hay dién vao chd trong (...) dé duoc
dang thic diing

2) AB+ AD = ..., b) AB+CD = oo,
¢) AB+OA = oo, d) OA +OC = oo,

_— — —

¢) OA+OB+0C +0D = ...
Cho hinh binh hanh ABCD véi tam O. Méi khang dinh sau day diing hay sai ?

a)|ﬁ+ﬁ=|@; b)EJrE)’:B_C';
c)ﬁ+07§=7€+0?; d)@+ﬁz@+ﬁ.
Cho tam gidc déu ABC noi ti€p dudng tron tam O.

a) Hay xdc dinh cdc diém M, N, P sao cho
OM =0A+0B; ON=0B+0C; OP=0C +OA.
b) Chiing minh ring OA + OB + OC = 0.



13. Cho hai luc F| va F, ciing c6 diém dat tai O (h.17). Tim cudng do luc
tong hop cua chiing trong cic trudong hop sau
a) F| va F, déu c6 cudng do 1a 100N, géc hop bsi F; va F, bang 120°

(h. 17a) ;
b) Cudng do ciia F| 1a 40N, ciia F, la 30N va goc giita F; va F, bing 90°
(h. 17b).
O 100N Fy
Q% \’Ls FI
S 30N
Fy 0 4N g
a) b)
Hinh 17

HIEU CUA HAI VECTO

1. Vecto doi cua mot vecto

Néu tong ciia hai vecto d va b la vecto-khong, thi ta néi d la

vecto doi cua 1;, hodc b la vecto déi ciia @.
Cho doan thdng AB. Vecto déi ciia vecto AB la vecto nao ? Phdi chdng
moi vecto cho trudc déu coé vecto doi ?
Vecto doi cua vecto d duoc ki hiéu la —a .
Nhu vay i+ (-d)=(-a)+ad=0.

Ta c6 nhan xét sau day

Vecto doi cua vecto d la vecto nguoc hudng voi vecto d va
¢ cung do dai voi vecto d .

Pdc biét, vecto doi cua vecto 0 la vecto 0.




/s

¢

Vi du. Gia st ABCD 1a hinh binh hanh (h.18). A B
Khi d6 hai vects AB va CD c6 ciing do dai
nhung ngugc hudng. Bai vay

AB =— CD va CD =—-AB. D c
Tuong tu, ta c6 Hinh 18
BC = —DA va DA = -BC.

1

AGoi O la tdm cla hinh binh hanh ABCD. Hay chi ra cac cap vecto d6i nhau ma cé
diém d4u la O va diém cuéi 1a dinh cla hinh binh hanh dé.

2. Hiéu cua hai vecto

PINH NGHIA
Hiéu ciia hai vecto d va b, ki hiéu d — b, la tong cua vecto d
va vecto doi cua vecto b, tic la

d-b=a-+(-b).

Phép ldy hiéu cua hai vecto goi la phép trir vecto.

Sau day 12 cich dyng hieu d@ b néu da L
cho vecto @ va vecto b (h 19). Lay mot /

diém O tuy y 16i vé OA = G va OB = b.

Khi d6 BA — b
Hinh 19

Hay gidi thich vi sao ta lai co BA=a-b (h. 19).

16

Quy tic vé hiéu vecto

Quy tic sau day cho phép ta biéu thi mot vecto bat ki thanh hiéu clia hai
vecto c6 chung diém dau.

Néu MN la mot vecto dd cho thi véi diém O bdt ki, ta luon cé
MN = ON — OM.

Bai toan. Cho bon diém bdt ki A, B, C, D. Hay dung quy tdc vé hiéu vecto
dé chitng minh rang

AB +CD = AD + CB.



Gidi. Ldy mot diém O tuy y, theo quy tdc vé hiéu vecto, ta c6
AB +CD = OB — OA + OD - OC
AD +CB = 0D - OA + OB - OC .

So sanh hai dang thiic trén ta suy ra AB +CD = AD + CB.

ﬁZ (Gidi bai toan trén bang nhitng cach khac)

a) Dang thlic can chling minh tuong duong véi d&ng thic AB — AD = CB — CD .
TU d6 hay néu ra cach ching minh th hai cGa bai toan.

b) Béng thic can chiing minh ciing tuong duong véi d&ng thiic AB — CB = AD — CD .
TU d6 hay néu cach chiing minh th ba cla bai toan.

—_— —_— R e —

c) Hién nhién ta c6 AB + BC + CD + DA = 0. Hay néu cach chiing minh th{ tu.
Cau héi va bai tép
14. Tra 10i cac cau hoi sau day
a) Vecto doi cua vecto —d 1a vecto nao ?
b) Vecto doi cta vecto 0 1a vecto nao ?

¢) Vecto doi cua vecto a + b 1a vecto nao ?

15. Ching minh cdc ménh dé sau day

- o

A)Néuag+b=2Cthiag=c—-b, b=C—a
b)da-(b+3)=d—b-2;
Q)a-(b-3)=a—b+¢.

16. Cho hinh binh hanh ABCD véi tam O. Méi khing dinh sau day ddng hay sai ?

a)a—@zﬁ; b)@—@:a;
C)E—E=E ; d)ATé—ﬁ=@;

e) CD — CO = BD — BO.
17. Cho hai diém A, B phan biét.
a) Tim tap hop cdc diém O sao cho OA = OB ;
b) Tim tap hop céc diém O sao cho OA = —OB.
18. Cho hinh binh hanh ABCD. Chiing minh ring DA — DB + DC = 0.
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19.

Ching minh réng AB = CD khi va chi khi trung diém cla hai doan thang

AD va BC trung nhau.

20.

Cho sdu di€ém A, B, C, D, E, F. Ching minh rang
AD + BE + CF = AE + BF + CD = AF + BD + CE.

TICH CUA MOT VECTG VOI MOT SO

Ta da biét thé nao 1a téng cla hai vecto. Bay gid néu ta 14y vecto d cong
v6i chinh né thi ta c¢6 thé noéi két qua 12 hai 1an vecto @, viétla 2d, va goi
la tich cua s6 2 véi vecto a, hay la tich cta @ véi 2.

Trong muc nay ta s€ néi dén tich cia mot vecto vGi mot so thuc bat ki.

1. Pinh nghia tich cia mét vectd véi mot sé

iy

18

Xét cac vecto trén hinh 20. Ta hay cha y

dén hai vecto @ va b. Hai vecto d6 c6 7 1
N 19

cung huéng, va do dai vecto b bang hai

lin do dai vecto @, tic I |b| = 2/al . i
- \\ — ~N

Trong trudong hop dé ta viét b = 24 va 4

2o s P A 2. N
noi rang : Vecto b bang 2 nhdn voi vecto N
a (hodc bang vecto a nhdn voi 2), hodc Hinh 20

vecto b la tich cua vecto d vdi sO 2.

Lai chd y dén hai vecto ¢ va d. Hai vecto nay ngugc huéng, va ¢ = 2|d |
Khi d6 ta viét ¢ = (-2)d va ndi rang : Vecto ¢ bang —2 nhdn vdi vecto d
(hodic bang vecto d nhdn vdi =2), hodc vecto ¢ la tich ciia vecto d voi 2.

1
V& hinh binh hanh ABCD.

a) Xac dinh diém E sao cho AE = 2BC.

b) Xac dinh diém F sao cho AF = [-%)5{ .



DINH NGHIA

Tich cua vecto d vdi so thuc k la mot vecto, ki hiéu la ka ,
duoc xdc dinh nhu sau

1) Néu k > 0 thi vecto ka cing hudng vdi vecto d ;
Néu k < 0 thi vecto kd nguoc hudng vdi vecto d ;
2) Do dai vecto kd bdng |k|.lal.

Phép ldy tich ciia mot vecto voi mot so goi la phép nhdn vecto
voi 560 (hodc phép nhdn sé vdi vecto).

Nhan xét. Tu dinh nghia ta thdy ngay lad = d, (—1)a la vecto doi cla a,

tic la (-1)a = —d.

Vi du. Trén hinh 21, ta ¢6 tam gidc ABC v6i M va N lan luot 1a trung diém
hai canh AB va AC. Khi dé6 ta c6 A

 BC = 20N ¢ N = L BC /\
7 N

b) BC = (-2)NM : MN = (—%) CB :

cm:zm;m:(_lja& B ¢
2 Hinh 21

2. Cac tinh chat ca phép nhan vecto véi sé

Dua vao dinh nghia phép nhan vecto véi s6 ta c6 thé chitng minh cdc tinh
chat sau day

/Va’i hai vecto bdt ki d, b va moi sO thuc k, 1, ta cé \
1) k(la) = (kha ;
2)(k+Dd=kad+la ;

3) k@+b)=kda+kb ; k@-b)=kda—kb ;

\4) kd =0 khiva chi khi k=0 hodc @ = 0. )
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ﬁZ (D€ kiém chumg tinh chét 3 vai k = 3)
a) V& tam giac ABC véi gia thist AB =d va BC = b .
b) Xac dinh didm A’ sao cho A'B = 3 va diém C’sao cho BC' = 3b.

c) C6 nhan xét gi vé hai vectd AC va A'C'?
d) Hay két thuc viéc chimg minh tinh chat 3 bang cach dung quy tac ba diém.
& CHU Y

1) Do tinh chét 1, ta c6 (—k)d = (—1.k)d = (—1)(kd) = —(kd). Boi vay

ca hai vecto (—k)d va —(kd) déu c6 thé viét don gian 1a —ka.

w |l

Mmoo e A | SN
2) Vecto — a c0 thé viét la — . Chang han 3 a co the viét la
n n

Bai toan 1. Chiing minh rdng diém I la trung diém ciia doan thdng AB khi
va chi khi véi diém M bdt ki, ta c6 MA + MB = 2MI.
Gidi. (h. 22) Véi diém M bat ki, ta c6 A

MA =MI +IA,

MB = MI +IB . M
Nhu vay

MA + MB = 2MI + IA + IB. Hinh 22

Ta biét ring / 1a trung diém ctia AB khi va chi khi IA+ 1B = 0. Tir d6 suy ra
diéu phai chiing minh.

Bai toan 2. Cho tam gidc ABC vdi trong tam G. Chitng minh rdng véi diém
M bdt ki, ta cé

MA + MB + MC = 3MG . "
]% 3 (D€ gidi Bai toan 2) (h. 23) A
a) Tuong tu Bai toan 1, hay bidu thi cac vects MA, MB
va MC qua vecto MG va tiing vecto G_A @ GC .
b) Tinh tdhg MA + MB + MC. V&i chd y ring G la trong ? c
tam tam giac ABC, hay suy ra diéu phai chiing minh. Hinh 23

20



3. Diéu kién dé hai vecto ciing phuong

Ta da biét ring néu b = ka thi hai vecto @ va b cung phuong. Diéu nguoc
lai c6 ding hay khong ?

2|

S

o
=y

=l

Hinh 24

Xem hinh 24. Hdy tim cdc sé k, m, n, p, q sao cho b=ki ;C=ma ;

b=n¢ ;X=pi ;y=qi.

<!

acod

-

Mot cdch téng quat

Vecto b cung phuong voi vecto d (a + 0) khi va chi khi

c6 s6' k sao cho b = ka .

Trong phdt biéu d trén, tai sao phdi cé diéu kién d #0 ?

Piéu kién dé ba diém thing hang

Diéu kién cdn va dii dé ba diém phdn biét A, B, C thdng
hang la c¢6 so' k sao cho AB = kAC.

Chitng minh. Ba diém A, B, C théng hang khi va chi khi hai vecto AB va
AC cung phuong. Bai vay theo trén ta phai c6 AB = kAC.
Bai toan 3. Cho tam gidac ABC c6 truc tam H, trong tam G va tam duong
tron ngoai tiép O.
a) Goi I la trung diém cia BC. Chitng minh AH = 20I.
b) Chitng minh OH = OA + OB + OC.
¢) Chitng minh ba diém O, G, H thdng hang.
21



22

Gidi (h. 25)
a) Dé thay AH =201 néu tam gidc ABC vuong.

Néu tam gidc ABC khong vuong, goi D 1a diém d6i xdng clia A qua O.
Khi do
BH [/ DC (vi cung vuong géc v6i AC),
BD // CH (vi cung vuong goc v6i AB).
Suy ra BDCH 1a hinh binh hanh, do d6
I 1a trung diém cua HD. Tir d6

AH = 20I.

b) Ta co
OB + OC =20l = AH

nén Hinh 25
OA + OB + OC = OA + AH = OH.
¢) Ta di biét OA + OB + OC = 30G . Vay OH = 30G.
Suy ra ba diém O, G, H thang hang.
Puong thing di qua ba diém nay goi 1a duong thang O-le cta tam giic ABC.

Biéu thi mét vecto qua hai vecto khéng cling phuong

Cho hai vecto d va b. Néu vecto ¢ c6 thé viét duéi dang ¢ = md + nb ,
véi m va n 13 hai s6 thuc ndo d6, thi ta néi ring : Vecto ¢ biéu thi duoc
qua hai vecto d va b .

Mot cau hoi dat ra 1a : Néu da cho hai vecto khong cung phuong d va b
thi phdi chdng moi vecto déu cé thé biéu thi duoc qua hai vecto dé ?

Ta c6 dinh 1i sau day

DINH Lf

Cho hai vecto khong cung phuong a va b. Khi dé moi
vecto X déu cé thé biéu thi duoc mét cach duy nhdt qua
hai vecto d va b, nghia la cé duy nhdt cdp s6 m va n sao

cho X =mad +nb.




21.

22.

Chitng minh
T mot diém O nado do, ta vé& cdc vecto b,
OA =d, OB = b, OX = X (h.26).

Néu diém X niam trén dudong thang OA

thi ta c6 s6 m sao cho OX = mOA.

X
Vay ta c6
. A
X =mad + 0b (lic nay n =0). 3
Tuong tu, néu diém X nim trén dudng 0o 7 5 B
thang OB thi ta ¢
X =03+ nb (lic nay m=0). Hinh 26

Néu diém X khong nam trén OA va OB thi ta c6 thé 1ay diém A’ trén OA va
diém B’ trén OB sao cho OA’XB’ la hinh binh hanh. Khi d6 ta c6

6(207;+0?;, va do d6 co6 cac s6 m, n sao cho ﬁ:ma+n@,hay
X =mad + nb.

Bay gid néu con c6 hai s6 m’ va n’ sao cho X = md + nb = m'@ + n'b , thi

(m-mha={n - n)l;.

n —n

Khi d6, néu m # m’ thi a = b , tirc 1a hai vecto @ va b cung phuong,

’

m—m
tri voi gia thiét, vay m = m’. Chiing minh tuong tu ta cling co n =n’.
Céu hdi va bai tap

Cho tam gidc vuong can OAB v6i OA = OB = a. Hay dung céac vecto sau
day va tinh d6 dai ctia ching

ﬁ+0—3'; ﬁ—&é; 3ﬁ+4@;
210i 2508  Yoi-2 0B
4 4 7

Cho tam gidc OAB. Goi M, N lan luot 1a trung diém hai canh OA va OB.
Hay tim c4c s6 m va n thich hop trong mdi ding thitc sau day

OM =mOA +nOB;  MN =mOA +nOB;
AN =mOA +nOB; MB =mOA +nOB.
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23.

24.

25.

26.

27.

28.

24

Goi M va N lan lugt 1a trung diém céc doan thang AB va CD. Chiing minh ring
2MN = AC + BD = AD + BC.
Cho tam gidc ABC va diém G. Ching minh rang

a) Néu GA+GB +GC =0 thiG Ia trong tam tam giac ABC ;

b) Néu c6 diém O sao cho OG = %(Oj +OB+0C) thi G Ia trong tam
tam gidc ABC.
Goi G 1a trong tam tam gidc ABC. Dat @ = GA va b = GB. Hay biéu thi
mdi vecto E, @, IQ—C”, CA qua céc vecto d va b.
Chitng minh rang néu G va G’ lan lugt 1a trong tam tam gidc ABC va tam
giac A'B'C’ thi

3GG' = AA' + BB' + CC'.
T d6 hay suy ra diéu kién can va du d€ hai tam gidc ABC va A'B'C’ c6
trong tam trung nhau.
Cho luc gidc ABCDEF. Goi P, Q, R, S, T, U lan luot 12 trung diém cac canh

AB, BC, CD, DE, EF, FA. Chitng minh riang hai tam gidc PRT va QSU cé
trong tam trung nhau.

Cho tt gidc ABCD. Chitng minh rang

_ = —  —

a) C6 mot diém G duy nhét sao cho GA + GB + GC + GD = 0. Piém G
nhu thé€ goi 1a trong tdm ciia bon diém A, B, C, D. Tuy nhién, ngudi ta van
quen goi G la trong tdm cua tit gidc ABCD.

b) Trong tam G Ia trung diém ctia mdi doan thang noi cdc trung diém hai
canh déi cla tit gidc, n6 ciing 12 trung diém ciia doan thing néi trung diém
hai duong chéo cua tu giac.

¢) Trong tam G nam trén cic doan thang néi mot dinh cla tit gidc va trong
tam cua tam giac tao bdi ba dinh con lai.



TRUC TOA PO VA HE TRUC TOA PO

0 16p 7, chiing ta da 1am quen vdi truc va hé truc toa do Dé-cac vuong goc.
Trong phan nay, chiing ta s€ n6i ki hon vé cdc khai niém do.

1. Truc toa do

Truc toa do (con goi la truc, hay truc sé) la mot duong thdng
trén dé da xdc dinh mot diém O va mot vecto i ¢é do dai
bang 1.

X o i 1 X
Hinh 27
biém O goi 1a géc toa do, vecto i goi 12 vecto don vi cia truc toa do.

Truc toa do nhu vay dugc ki hiéu la (O; 7). Ta 14y diém I sao cho oI = i
tia OI con duoc ki hiéu 1a Ox, tia doi cua Ox 1a Ox’. Khi d6 truc (O; 7) con

goi la truc x’Ox hay truc Ox (h. 27).

Toa do cua vecto va cua diém trén truc

Cho vecto i nam trén truc (O; 7). Khi d6 c6 s6 a xéc dinh dé i = a
a nhu thé goi 12 toa dé ciia vecto i doi véi truc (0;1).

Cho diém M nim trén truc (O; i ). Khi d6 ¢6 s6 m xdc dinh dé OM = mi.
S6 m nhu thé goi 12 toa do ciia diém M doi véi truc (O; i) (ciling 1a toa do

cua vecto OM).

1
ﬁﬂén truc Ox cho hai diém A va B 1an luct c6 toa d6 1a a va b. Tim toa d6 clia vecto
AB va vectd BA . Tim toa dé trung diém clia doan thing AB.
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Do dai dai so cua vecto trén truc
Néu hai diém A, B nam trén truc Ox thi toa do cla vecto AB duoc ki hiéu
12 AB va goi la dé dai dai soé cla vecto AB trén truc Ox.
Nhu vay
AB=AB 1.
Tir dinh nghia trén ta suy ra cdc khang dinh sau day : Trén truc sd,
1) Hai vecto AB va CD bing nhau khi va chi khi AB = CD
(hién nhién) ;
2) He thic AB+BC = AC tuong duong véi hé thic
AB + BC = AC (h¢ thiic Sa-l0).
That vay, AB+BC=AC < ABi +BCi =AC i

< (AB+BC)i =ACi < AB+BC = AC.

2. Hé truc toa do

Trén hinh 28, ta c6 mot hé truc toa do vuong v4
gbc. N6 bao gom hai truc toa do Ox va Oy
vuong goc v6i nhau. )\

. N . J - -
Vecto don vi trén truc Ox la i, vecto don vi ol "

1
trén truc Oy la j.
biém O goi 1a goc toa dé. Truc Ox goi 1a truc
Hinh 28

hoanh, truc Oy goi la truc tung.
H¢ truc toa do vuong goc nhu trén con goi don gian 1a hé truc toa doé va

thudng duoc ki hiéu 1a Oxy hay (O ;1i,)).

& CHU Y

Khi trong mat phiang da cho (hay da chon) mot hé truc toa do, ta
s& goi mat phang d6 14 mdt phdng toa do.
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3. Toa do cua vecto doi véi hé truc toa do

2
Z%Quan sat hinh 29. Hay biéu thi yA

méi vecto @, b, i, ¥ qua hai
vecto 7; dudi dang x7+y7 7
véi x, y 1a hai s6 thuc nao dé. ay
)4
M Vi
- e
7
o7 X
1
v DY
Hinh 29

DINH NGHIA

D6i véi hé truc toa do (O i,]), néu @ =xi +yj thi cip s6
(x ; y) duoc goi la toa do cua vecto d, ki hiéu la d = (x ; y)

hay d(x ; y). SO thit nhdt x goi la hoanh do, so thir hai y goi la

tung do cua vecto a.

a) Tim toa do cua cdc vecto d, b, u, v trén hinh 29.

—

,J), hdy chi ra toa do cua cdc vecto 0, i, j,

b) Doi véi hé truc toa do (O ; i
— — — — 1—> — — —

i+j.2j-i. 53], J3i+0,14] .

Nhdn xét. Tix dinh nghia toa do cla vecto, ta thdy hai vecto bang nhau khi
va chi khi chiing c6 cung toa d9, nghia la

d(x;y) = b(x';y) {x
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4. Biéu thirc toa do clia cac phép toan vecto

Trong muc nay ta néi vé biéu thitc toa do clia cic phép todn vecto sau :
phép cong, phép trir vecto va phép nhan vecto vdi so.

—

D 3
¢ .
Cho haivecto d = (-3;2) vab =(4:5).
a) Hay biéu thi cac vecto a, b qua hai vecto ?, j-
b)Timtoad@cﬂacécveotdE=Ez’+5 cd=4G ;i=4a-b.

Mot cdch téng quat, ta c6

/Choc_i:(x;y)vdl;:(x’;y’).Khido’ )
])Ei+l;:(x+x’;y+y');Zi—I;:(x—x’;y—y’) ;

2) ka = (kx ; ky) voi ke R ;

3) Vecto b cung phuong voi vecto d # 0 khi va chi khi ¢é s6

K k sao cho x" =kx,y" =ky. /

Moéi cdp vecto sau cé cung phuong khong ?

a)d=0:5vab=(1;7) ; b) & = (2003;0) va ¥ = (1;0) ;
)E=@;-8)vaf=(05:); dm=C2:3)vaii=03;2).

5. Toa dd cla diém
Trong mat phang toa do Oxy, méi diém M dugc xdc dinh hoan toan béi
vecto OM . Do vay, néu biét toa do clia vecto OM thi diém M s& duoc xac

dinh. Vi 1€ d6 nguoi ta dinh nghia

Trong mdt phdng toa do Oxy, toa dé ciia vecto OM duogc
goi la toa dé ciia diém M.

Nhu vay, cap s6 (x ; y) 1a toa do ctia diém M khi va chi khi OM = (x ; y).
Khi d6 ta viét M(x ; y) hoac M = (x; y).

S6 x goi 12 hoanh dé cta di€ém M, s6 y goi 1a tung do cia diém M.
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Nhdn xét. (h. 30) Goi H, K 1an lugt 12 hinh chiéu ctia 1
M trén Ox va Oy. Khi d6, néu M = (x ; y) thi S M
OM = xi +yj = OH + OK. Suyra |
xi = OH hay x = OH ; 0 H 3
yf = 0K hay y = OK. Hinh 30
4 yA
Trén hinh 31 B
a) Toa do clia mbi diém O, A, B, C, D béng
bao nhiéu ? C
b) Hay tim diém E c6 toa do (4 ; —4). A J1 -
¢) Tim toa do clia vectd AB . o7 X
D
Téng quat, ta c6 Hinh 31

Vi hai diém M(x,;; y,,) va N(xy; yy) thi

MN = (xy = Xp 5 Yy — Yu) -

Hay gidi thich vi sao c6 két qud trén.
&= CHU Y
Dé thuan tién, ta thuong dung ki hiéu (x,, ; y,,) dé chi toa do
cta diém M.
6. Toa do trung diém chia doan thing va toa do clia trong tam tam giac

g

5

Trong mé&t phang toa do Oxy, cho hai diém M(x,, ; yi,), N(Xy ; Yu)- Goi P la trung
diém clia doan thdng MN.

a) Hay bidu thi vects OP qua hai vects OM va ON .

b) T d6 hay tim toa dd diém P theo toa d6 clia M va N.

Vay ta co
Néu P la trung diém ciia doan thding MN thi
o= Xw N Yu TN
i 2 F 2
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6
%Tim toa do diém M’ ddi xing véi diém M(7 ; —3) qua diém A(1 ; 1).

7

ﬁTrong mat phang toa d6 Oxy, cho tam giac ABC véi trong tam G.
a) Hay viét hé thiic gilta cac vecto O—A OB, OC va 0G .
b) TUr d6 suy ra toa do cla G theo toa do clia A, B, C.

Vay ta cé

Néu G la trong tdm cua tam gidc ABC thi

TR RS SN T P
G~ 3 s Yo = 3 .

Vi du. Trong mdt phdng toa do Oxy, cho cdc diém A2 ; 0), B0 ; 4), C(1 ; 3).
a) Chitng minh A, B, C la ba dinh ctia mét tam gidc.
b) Tim toa do cua trong tdm tam gidc ABC.

. e = -2 4 ==
Giai. a) Ta ¢c6 AB=(-2;4) va AC =(-1;3). Do 7 # E nén AB, AC
khong cung phuong, suy ra A, B, C khong thiang hang va chiing 1a ba dinh
cua mot tam giac.

X4+ Xxp + Xo 2+0+1=

b) Ta c6 ; = s Yatypt Y 0+4+3,=

1 va =
3 3 3

7
3

Vay toa do cua trong tam tam giac ABC la (1 ; %)

Cau héi va bai tép
29. Trong mat phing toa do, méi ménh dé sau ding hay sai ?

a) Hai vecto @(26; 9) va b(9; 26) bang nhau.

b) Hai vecto biang nhau khi va chi khi ching ¢6 hoanh do bang nhau va
tung do bang nhau.
c) Hai vecto d6i nhau thi ching c6 hoanh d¢ déi nhau.

d) Vecto @ cing phuong véi vecto i néu G c6 hoanh do bing 0.

e) Vecto @ c6 hoanh do bang 0 thi né cung phuong véi vecto ;
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30.

31.

32.

33.

34.

3s.

36.

Tim toa do clia cdc vecto sau trong mat phang toa do

— — — — —
1

i=-i; b=5j; ¢ =30 -4j;

-_1- = - 2 = - - -
=§(j —1); ¢=015 +13j ; f=ni —(cos24°)] .

Chod=(2;1),b=(3;4),¢=(7;2).
a) Tim toa do0 cta vecto u =2d-3b+¢C.
b) Tim toa do clia vecto X sao cho Y+a=b-2.

¢) Tim cic s6 k, [ d& C = kad + b .
Choﬁzéz_sj,vzkz_q.

Tim céc gid tri cta k dé hai vecto i, ¥ cling phuong.

Trong cdc ménh dé sau, ménh d¢€ nao ding ?

a) Toa do cuia diém A bang toa do clia vecto OA , VOi O la goc toa do.
b) Hoanh do ctia mot diém béang 0 thi diém d6 nam trén truc hoanh.
¢) Diém A ndm trén truc tung thi A c¢6 hoanh do béng 0.

d) P 12 trung diém ctia doan thang AB khi va chi khi hoanh do diém P bing
trung binh cong cdc hoanh do cta hai diém A, B.

e) Tt gidc ABCD la hinh binh hanh khi va chi khi x4 + xp = xg + xp va
YA +tYc =YBt+)ID-

Trong mat phang toa do, cho ba diém A(-3 ; 4), B(1 ; 1), C(9 ; -5).
a) Chitng minh ba diém A, B, C thang hang.

b) Tim toa do diém D sao cho A 1a trung diém ctia BD.

¢) Tim toa do diém E trén truc Ox sao cho A, B, E thang hang.

Cho diém M(x ; y). Tim toa do clia cic diém

a) M, doi xing v6i M qua truc Ox ;

b) M, do6i xting v6i M qua truc Oy ;

c) M5 doi xting véi M qua goc toa do O.

Trong mat phéng toa do, cho ba diém A(-4; 1),B(2;4),C(2;-2).
a) Tim toa do clia trong tam tam giac ABC.

b) Tim toa do diém D sao cho C 12 trong tam tam gidc ABD.

¢) Tim toa do diém E sao cho ABCE 1a hinh binh hanh.
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ON TAP CHUONG 1

| - Tém tat nhirng kién thirc can nhé
1. Vecto
— Vecto khic 0 1a mot doan thing c6 huéng. Vecto-khong c6 diém dau
va di€ém cud6i tring nhau. Vecto-khong c¢6 do dai bang 0, c6 phuong va
hudng tuy y.
— Hai vecto bang nhau néu ching ¢6 cing huéng va cung do dai.
2. Téng va hiéu cac vecto
— Quy tdc ba diém : V6i ba diém M, N, P bat ki, ta c6
MN + NP = MP .
— Quy tdc hinh binh hanh : Néu OABC 1a hinh binh hanh thi
OA + OC = OB.
— Quy tdc vé hi¢u vecto : Cho vecto MN . Véi diém O bat ki, ta c6
MN = ON - OM .
3. Tich cia mot vecto voi mot so
~Néu b=k (@ #0) thi |b| = |kl.lal va
b ciing hudng véi @ khi k > 0,
b ngugc huéng véi @ khi k < 0.
— Céc tinh chat
1) k(ld) = (kD)a ;
2) (k+Dd =kd+la ;
3) k(@ + b) = ka + kb ;
4) ki =0 < k=0hoac @ = 0.
— Piém [ 1a trung diém doan thang AB khi va chi khi vé6i diém O bat ki, ta c6

— 1—) —

Ol = E(OA + OB).
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— biém G la trong tam tam gidc ABC khi va chi khi vé6i diém O bat ki, ta c6

%z%(a+ﬁ+%).

4. Toa do cua vecto va cua diém
— D6i véi he truc (O ; i, j ) hay Oxy
Di=(b<i=ai +b ;
2) M = (x1y) & OM = (x; ).
~Néu A =(x;y), B=(x";y) thi AB = (x'— x; y'— y).
—Néuu =(x;y) vav =(x";y") thi
Du+v=x+x"5y+y);

2) kii = (kx; ky).
Il - Cau hoi tu kiém tra

1. Haiy néi 16 vecto khic doan thang nhu thé nao.

2. Néu hai vecto AB va CD bang nhau va c6 gia khong tring nhau thi bon dinh
A, B, C, D c6 1a bon dinh cia mot hinh binh hanh hay khong ?

3. Neéu c6 nhiéu vecto thi xac dinh téng ctia ching nhu thé nao ?
4. Hiéu hai vecto dugc dinh nghia qua khai niém téng hai vecto nhu thé nao ?
5. Cho hai diém A, B phan biét. V6i mot diém O bat ki, méi déng thic sau
day ding hay sai ?
a)@=ﬁ—5§; b)a{—O—é:EL{;
¢) OA+OB = -BA ; d) OA + BO = —AB.

6. C6 thé dung phép nhan vecto v6i mot s6 dé dinh nghia vecto doi ctia mot
vecto hay khong ?

- = o

7. Cho hai vecto @ va b khong cung phuong. Trong cic vecto C, d, i, v, X,

y sau day, hay chi ra cac vecto cung huéng va cac vecto nguoc hudng



c=Yailp. d-—a+lp.  i-3a+4b;
2 3 3
v=3a-b ; X=——a—-—->b; y =-9a + 3b.
4 3

Hai vecto & va d c6 cung phuong hay khong ? Tai sao ?

8. Cho tam gidc ABC véi trung tuyén AM va trong tam G. Médi khang dinh sau
day ding hay sai ?

a) AM = 2AG : b)Ez%W; c)M_’G=%G_A';
d)E:%(E+R>; e) GB = AG + BG .

9. Cho biét toa do hai diém A va B. Lam thé nao dé
a) Tim toa do cua vecto AB ?
b) Tim toa do trung diém clia doan thang AB ?

10. Cho biét toa do ba dinh cia mot tam gidc. Lam thé nao dé tim toa do cla
trong tam tam giac do ?

lll - Bai tap
1. Cho tam gidc ABC. Hay xac dinh cic vecto
AB+BC; CB+BA:; AB+CA: BA+CB:
BA+CA; CB-CA; AB-CB; BC-AB.
2. Cho ba diém O, A, B khong thang hang. Tim diéu kién cin va di dé vecto
OA + OB ¢6 gia la duong phan giac ctia géc AOB.
3. Goi O 1a tam cua hinh binh hanh ABCD. Ching minh rang véi diém M bat
ki, ta co
MO = (MA + MB + MC + MD).
4. Cho tam gidc ABC.

a) Tim cac diém M va N sao cho

—_— B — B — —

MA— MB + MC =0 va 2NA + NB + NC = 0.
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b) Véi cac diém M, N & cau a), tim c4c s0 p va g sao cho
MN = pAB + gAC.
5. Cho doan thing AB va diém I sao cho2]A + 3IB = 0.
a) Tim s0 k sao cho Al = kAB.
b) Chitng minh ring v6i moi diém M, ta c6
Mi = 2 MA + > MB.
5 5
6. Trong mat phellng toa do Oxy, cho ba diém A(-1 ; 3), B(4; 2), C(3; 5).
a) Chitng minh ring ba diém A, B, C khong thang hang.
b) Tim toa do diém D sao cho AD = —3BC.

¢) Tim toa do diém E sao cho O 1a trong tam tam gidc ABE.

IV - Bai tap trac nghiém
1. Cho tam gidc ABC. Goi A’, B, C’ lan lugt 1a trung diém cua cdc canh BC,

CA, AB. Vecto A’'B’ cung hudng véi vecto nao trong cac vecto sau day ?

(A) AB ; (B) AC” ;
(C) BA ; (D) C'B.

2. Cho ba diém M, N, P thiang hang, trong d6 diém N nam gifta hai diém M
va P. Khi d6 cac cdp vecto nao sau day cung huéng ?

(A) MN vi PN ; (B) MN vi MP ;
(C) MP va PN ; (D) NM va NP.

3. Cho hinh chit nhat ABCD. Trong cdc dang thiic duéi day, dang thiic nao diing ?
(A) AB=CD ; (B) BC=DA .
(C) AC=BD : (D) AD=BC.

4. Cho tam gidc déu ABC véi dudng cao AH. Pang thitc nao dudi day ding ?
(A) HB=HC ; (B) AC=2HC ;
(C)\ﬁ\:?\B_C' : (D) AB=AC.
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10.

11.
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Cho diém B nam gitta hai diém A va C v6i AB = 2a, CB = 5a. D¢ dai vecto
AC bing bao nhiéu ?

(A) Ta; (B) 3a ;

(C)%"; (D) 104°.

Cho bon diém A, B, C, D. Dang thitc nao dudi day ding ?

(A) AB + CD = AC + BD ; (B) AB + CD = AD + BC ;
(C) AB + CD = AD + CB ; (D) AB + CD = DA + BC.

Cho sdu diém A, B, C, D, E, F. Déng thic nao duéi day ding ?
(A)E+C—D'+ﬁ+8_c"+ﬁ+ﬁ:6;
(B)E+@+ﬁ+ﬁ+ﬁ+ﬁ:ﬁ;
(C)E+C—D'+ﬁ+B_C’+ﬁ+ﬁ:ﬁ;
(D)E+@+ﬂ+ﬁ+ﬁ+ﬁ=ﬁ.

Cho hinh thang ABCD vé6i hai canh ddy 1a AB = 3a va CD = 6a. Khi d6
‘ AB+ CD bang bao nhiéu ?

(A)9a ; (B) 3a;
(C)-3a; (D) 0.
. Cho hinh vuong ABCD c6 canh bing a. Khi d6 gid tri | AC + BD | bing
bao nhiéu?
(A) 2442 ; (B) 2a ;
©a; (D) 0.
Cho ba diém bat ki A, B, C. Pang thitc nio duéi day ding ?
(A) AB=CB-CA; (B) BC = AB — AC;
(C) AC-CB = BA ; (D) CA-CB = AB.
Cho tam gidc déu ABC c6 canh bang a. Gia tri |E - CTLﬂ béang bao nhiéu ?
(A) 2a; B)a;
©) a3 ; (D) %



12.

13.

14.

15.

16.

17.

18.

Cho hai tam gidc ABC va A'B'C’ lan luot c6 trong tam 1a G va G'. Dang
thiic nao dudi day 1a sai ?

(A) 3GG' = AA’ + BB’ + CC’ ; (B) 3GG’ = AB’ + BC' + CA’ ;
(C) 3GG’ = AC’ + BA’ + CB’ ; (D) 3GG’ = A’A + BB’ + CC'.

Cho diém B nim giita hai diém A va C, v6i AB = 2a, AC = 6a. Dang thiic
nao dudi day ding ?

(A) BC = AB ; (B) BC = —2AB :
(C) BC = 4AB ; (D) BC = —2BA.

Cho ba diém phan biét A, B, C. Néu AB=-3AC thi ding thic nao dudi
day ding ?

(A) BC = 4AC : (B) BC = —4AC :
(C) BC =2AC ; (D) BC = —2AC.

Diéu kién nao dudi day 1a cin va da dé diém O 12 trung diém clia doan
thang AB ?

(A) OA = OB ; (B) OA = OB ;
(C) AO = BO ; (D) OA + OB = 0.
Néu G 1a trong tam tam gidc ABC thi dang thitc nao dué6i day ding ?
(A) 4G - AB+AC B G - AB+AC
2 3
—  3(AB+ AC — 2(AB+AC
(© 4G - 2148 + 4c) - ‘) . (D) AG - 2\4B + AC)

Goi AM 1a trung tuyén cta tam gidc ABC, va I 1a trung diém cla AM.
Pang thiic ndo sau day 13 ding ?

(A)E+I§+E:6; (B)—ﬁ+§+ﬁz6;
(C)IA+IB-IC=0; (D) 2IA+IB+1IC=0.

Trong mat phang toa do Oxy cho hai diém A(-1 ; 4) va B3 ; -5). Khi d6
toa do cua vecto BA 1a cap s0 nao ?
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19.

20.

21.

22.

23
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(A)2Z;-D; B)(=4:9);
O @;-9; (D) (4 9).

Trong mit phang toa do Oxy cho hai diém A(0 ; 5) va B(2 ; —7). Toa do
trung diém ctia doan thang AB 14 cap s6 nao ?

(A)(2:-2); (B) (=2;12);
O 156); D) d;=1).

Trong mat phang toa do Oxy cho hai diém M(8 ; — 1) va N(3 ; 2). Néu P 1a
diém d6i xing v6i diém M qua diém N thi toa do cta P 1a cap s6 nao ?

11 1
A)(=2:5) ; L
(A)(=2;5) ; (B)(z,zj,

(©) (13:5-3); (D) (115 = 1).

Trong mat phang toa do Oxy cho ba diém A(5 ; —2), B(0 ; 3) va C(-=5; —1).
Khi d6 trong tam tam gidc ABC c6 toa do la cap so nao ?

A ;-1 ; (B)(0;0);

©) (0 11); (D) (10 ; 0).

Trong mat phing toa do Oxy cho tam gidc ABC véi trong tam G. Biét ring
A=(-1;4),B=2:;5),G=(0;7). Hbitoa do dinh C la cap s6 nao ?
(A)(2512); (B) (=1;12);

© @3 D; (D) (15 12).

. Trong miat phang toa do Oxy cho bon diém A3 ; 1), B2 ; 2), C(1 ; 6),
D(1 ; — 6). Hoi diém G(2 ; — 1) 1a trong tam cia tam gidc ndo sau day ?
(A) Tam giac ABC ; (B) Tam giac ABD ;

(C) Tam gidc ACD ; (D) Tam giac BCD.



CHUONG

T'icH vo HUONG
CUA HAI VECTO
VA UNG DUNG

Ngoai tich clia mét vecto voi mét s, con ¢d tich vé hudng
clia hai vecto, tic la phép nhan vé huéng hai vecto véi nhau.
Két qua cla phép nhan nay cho ta mét s6, vi vay ngudi ta
goi tich do la tich vé hudng.

Chuong nay trinh bay cac tinh chat co ban cua tich vé hudng
va nhimng Ung dung clia ching. dac biét la nhing hé thic
quan trong trong tam giac : dinh |i cdsin, dinh Ii sin, céng
thitc trung tuyén, cac céng thuc tinh dién tich tam giac, ...

Hoc sinh phai biét van dung céc kién thic co ban néu trén
dé giai mot s6 bai toan hinh hoc va bai toan thuyc té.




GIA TRI LUONG GIAC CUA
MOT GOC BAT KI (tu 0° d&n 180°)

O 16p 9, cdc em da biét vé cdc gid tri yA
luong gidc (ti sO lugng giac) : sin, cosin,
tang, cOtang ciia mot géc nhon « va ki

hiéu 12 sina, cosa, tana, cota. H |
I

Trén hinh 32 c¢6 mot hé toa do Oxy va mot a0 .

ntta dudng tron tam O ban kinh R = 1, -1 0 1 X

ndm phia trén truc Ox. Ta goi nd la

nita duong tron don vi.

Hinh 32

Néu cho truéec mot géc nhon « thi ta ¢6 thé xdc dinh mot diém M duy nhat

trén ntra duong tron don vi sao cho MOx = a.

1
ﬁGié st (x ; y) la toa d6 cla diém M (h. 32). Hay chiing to réng

. X
sin@ =y ; cosa = X ; tanazl; cota = —.

X

Bay gio ching ta moé rong dinh nghia gia tri lugng giac cho géc « bat ki
(0° < a <180°). Ta lam diéu d6 bang c4ch van ding nira dudng tron don vi
nhu trén.

1. Pinh nghia

Véi méi géc a (0° < a <180°), ta xdc dinh diém M trén nita

duong tron don vi sao cho MOx = a. Gid sit diém M c6 toa
doé (x ;y). Khi do

Tung do y cua diém M goi la sin ciia géc a, ki hiéu la sina ;

Hoanh do x ciia diém M goi la césin cia géc a, ki hiéu
la cosa ;
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iy

Tis6 2 (voi x # 0) goi la tang cua goc a, ki hiéu la tana ;
X

Tiso — (voiy#0) goi la cétang cua goc a, ki hiéu la cota.
y

Cac s0 sina, cosa, tana, cota goi 1a cac gid tri luong gidc cla goc a.

. y sina X cosa
Nhu vay sina =y, cosa = x, tana = = = cota = — =

b

X cosa y sina

Vi du 1. Tim cdc gid tri luong gidc ciia géc 135°.

Giai. (h. 33) Ta ldy diém M trén nlra y “1
duong tron don vi sao cho Y
MOx =135°. Khi d6 hién nhién N
— 1S’
MOy = 45°. Tt d6 suy ra toa do cla ! 135" _
diém M Ia -l © b
Hinh 33
[, 5) :
2 2

& &

Vay sin135° = - cos135% = = tan135% = -1 ; cot135° = 1.

Tim cdc gid tri lwong gidc ciia cdac géc 0°, 180°, 90°.

Vi cdc goc a nao thi sima <0 ? Voi cdac goc a nao thi cosa <0 ?

2 (h. 34)

g > , . . A
Lay hai diém M va M’ trén nilta dudng tron Y 1
don vi sao cho MM’ // Ox. o M
a) Tim su lién hé gilta hai gbc o = MOx va

o’
a’ = M'Ox. a _
~ , s e ., . -1 o 1 X

b) Hay so sanh cac gia tri lugng giac cua hai
goc ava a’. Hinh 34
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Tur d6 ta suy ra cac tinh chat sau day

ﬁé’u hai géc bu nhau thi sin cua chiing bang nhau, co‘h
cosin, tang va cotang cua ching doi nhau ; nghia la

sin(180° — &) = sina ;
cos(180° — ) = —cosa ;

tan(180° — @) = —tana (a #90°);

K cot(180° — ) = —cota  (0° < a < 180°). /

Vidu 2. Tim cdc gid tri luong gidc ciia géc 150°.

Gidi. Géc 150° bt v6i goc 30° nén

V3

b

1
sin150° = sin30° = 5 : cos150° = —cos30° = —

J3

tan150° = —tan30° = -5 cot150° = —cot30° = —+/3.

2. Gia tri lugng giac ciia mot sé goc dic biét

42

Sau day la gia tri lugng gidc clia mot s6 goc dac biét ma ta nén nhd (trong
bang dudi day, kxd 12 viét tat clia nhom tir khong xdc dinh). Gia tri luong
gidc clia cdc goc bat ki c6 thé tim thdy trong bang s6 hodc bing may tinh
bo tui.

Goc | 0% | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
. 1 V2| B 3| V2 1
sin 0 — -= i 1 - - — 0
2 2 2 2 2 2
cos 1 ﬁ ﬁ 1 0 1 _Q _ﬁ -1
2 2 2 2 2 2
tan 0 ? 1 3 kxd | -3 | -1 |- g 0
cot | kxd | 3 | 1 ? 0 _?3 1|3 | kxd




Em co6 biét ?

CAC TU 8IN, COSIN, TANC, COTANG

TU xa xua, do nhu ciu do dac thién van, nhiéu nha toan hoc da 1ap bang dé dai day
cung cang bdi cung tron (ban kinh cho trudc) c6 s6 do 1°, 2°, 3°, ..., 180°, trong d6
c6 Hip-pac (Hipparque) 6 thé ki thr Il truGc cdng nguyén, Pté-lé-mé (Ptolemey) & thé
ki th(r 1l sau c6ng nguyén, v.v... P6 1a ngudn géc cla khai niém sin. Qua nhiéu giai
doan lich s, tur "jiva" (ti€ng An, c6 nghia 1a "day cung”) dugc dién dich, phién am, déi
dan thanh ti sinus bdi cac nha thién van, toan hoc nhu An Bat-ta-ni (Al Battani) & thé
ki thi X, Gié-ra Cré-mon (Gérard Crémone) 4 thé ki thir XII, v.v...

Khai niém tang, cétang ndy sinh tir viéc khdo sat béong cla vat thdng diing trén
nén nam ngang dé tim gid trong ngay. TU xa xua, ngudi ta ciling da Iap bang cac
"bong" (tlic bang tang, coétang).

Dén thé ki th XVI méi xuét hién ki hiéu sin, tang (T6-mat Phin (Thomas Finck))
va dau thé ki thit XVII méi xuat hién ki hiéu césin, cotang dé chi sin, tang cla
go6c phu (Et-mon Gon-to (Edmund Gunter)). Cac ki hiéu nay dan dan dudc chap
nhan va st dung phé cap.

Cau hdi va bai tap
Tinh gid tri ding cla cdc biéu thitc sau (khong ding mdy tinh bo tdi hodc
bang s0)
a) (2sin30° + cos135° — 3tan150°)(cos180° — cot 60°) ;
b) sin%90° + cos?120° + cos? 0° — tan” 60° + cot* 135°.
Don gian cac biéu thiic
a) sin100° + sin80° + cos16° + cos164° ;
b) 25in(180° — &)cot er — cos(180° — ) tan az cot(180° — @) vé6i 0° < @ < 90°.

Chtng minh cac hé thic sau
2

a) sin & + cos a=1;
1
b) 1 + tan” & = (a # 90°) ;
COoOS &
1
o) 1+cot’a = — (0° <a <180%).
sin” a
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TicH VO HUOGNG CUA HAI VECTO

1. Goc gilra hai vecto

Cho hai vecto d va b déu khac vecto 0. &
Tir mot diém O nao do, ta vé cic vecto OA = d - A
- - a
va OB = b (h. 35). Khi d6 7
S6" do cua géc AOB duoc goi la o
s6 do cua géc giita hai vecto d I\
- b
va b, hodc don gian la goc gitia B
hai vecto d va b. Hinh 35

Trong truong hgp c6 it nhat mot trong hai vecto @ hoac b 1a vecto 0 thi ta
xem géc giita hai vecto d6 1 tuy y (tir 0° dén 180°).
RO rang cich xdc dinh gbc gifta hai vecto khong phu thudc vao viéc chon

diém O ; cho nén géc giita hai vecto @ va b duoc ki hiéu la (d, b).

Néu (@, b) = 90° thi ta néi rdng hai vecto @ va b vuong géc

voi nhau, ki hiéula a L b.

Khi nao géc giita hai vecto bdng 0° ? Bing 180° ?

1 c
Z%Cho tam giac ABC vuong tai A va cé B = 50° (h. 36).
Tinh cac gbéc

(BA, BC) ; (AB,BC) ;

(CA,CB) ; (AC, BC) ; m [\
A B
(AC,CB) ; (AC, BA). Hinh 36
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2. Dinh nghia tich vé huéng cua hai vecto

Trong Vat i, ta c6 khéi niém "cong
sinh boi mot luc".
Gia st mot luc khong déi F tac dung

lén mot vat lam cho vat do6 di chuyén
tir diém O dén diém O’ (h. 37).

Khi d6 luc F di sinh ra mot cong A
tinh theo cong thic

Hinh 37

A= IFIIE cos @,

00’
la do dai vecto 00’ tinh bang mét (ki hiéu 1a m), ¢ 1a goc gitta hai vecto
F va 00’ . Cong A duoc tinh bing Jun (ki hiéu Ia J). Nhu vay J = N. m.
Trong Todn hoc, gid tri A trong biéu thic trén (khong ké don vi do) duogc

trong d6 |F| 1 cudng do ctia luc F tinh bing Niuton (ki hiéu 1a N),

goi la tich vo huong cua hai vecto F va 0O’

Tich vo hudéng cua hai vecto d va b la mot s6, ki hiéu la

d.b, duoc xdc dinh boi

—

a.b = |Ei|.|l;|cos(a', 5)

Vi du 1. Cho tam gidc déu ABC c6 canh a va trong A
tam G (h. 38). Tinh cdc tich vé huong sau ddy

AB.AC ; AC.CB; AG.AB;

@'E FG@ GA .BC. G

Gidi. Theo dinh nghia, ta c6
L, 1 ’ B C
AB.AC = a.a.cos60° = Ea : Hinh 38

e

AC.CB = a.a.cos120° = —%az ;

G
3 2

AG.AB = a?-a-cos%o =a =—a° ;
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GB.

—

BG

—

GA.

.GA =

— 3 3 a
3773

GC = a— .a—co0s120° = s ;
N I
a—.a—
3 3

cos60° = —
6

BC = a?.a.cos%o =0.

Trong truong hop nao thi tich vé hudng cia hai vecto @ va b bang 0 ?

Binh phuong v6 huéng

Vé6i vecto d@ tuy y, tich vo huéng d.a dugc ki hiéu la @)° hay don gian

hon 1a @2 va goi 1a binh phuong vé huéng clia vecto a.

Tur dinh nghia cua tich vo hudng ta c6

Vay

a2 =|al.lal.cos0° = |al*.

Binh phuong vo hudng ciia mot vecto bang binh phuong do
dai cua vecto do.

Héc-man  Grat-xo-man  (Hermann  Grassmann
1808 - 1877), nha toan hoc Buc, la cha dé cua tich

vO hudng clia hai vectc ma 6ng da ki hiéula u m v.
Chinh viéc nghién ctu thuy triéu dan éng dén céac
khao sat vé vecto.

3. Tinh chat cua tich vé huéng

Véi hai so thuc a va b, ta ¢6 ab = ba. Vdy vdi hai vecto d va b, ta cé tinh

chdt tuong tu hay khong ?
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DINH LIi

ﬁa’i ba vecto d, b, ¢ tuy y va moi sé thuc k, ta cé \

(tinh chdt giao hodn) ;

ib=h.d
0

)
4) Ei.(B +7)= i.b+ad.c (tinh chdt phdn phoi doi vai
phép cong) ;
G(b-2)=a.b—a.¢ (tinh chdt phan phéi doi véi
\ phép trir). /
Ta ¢6 thé dé dang ching minh duogc cac tinh chat 1, 2, 3. Tinh chat 4 duoc

thura nhan, khong chiing minh.
Dung cdc tinh chat cta tich vo hudng, ta c6 thé chitng minh céc hé thiic sau

(a+ 5)2 =a>+b% +2db ; (1)
@—b) =a>+b%-2db : )

— — — —»2
G+b)@—-b)y=a?-b2=la?-p. 3)

Sau day ta chitng minh hé thtc 3. Theo tinh chat phan phoi, ta c6

(@+Db)(G—b)=ad.G@—b)+b.(G@—-b)
. . 2
_ 2 a-bpr=a%-p2=la? -lol".

!

—ab +

2
ﬁHéy ching minh cac hé thic (1) va (2).

Ta biét rdng véi hai so thic bdt ki a va b, luon ¢ (ab)* = a
hai vecto bdt ki @ va b, ddng thirc @.b)* = ad*.b% ¢ diing khong ? Viét

2p2, Vay voi

thé nao maoi ding ?
Bai toan 1. Cho tir giac ABCD.
a) Chitng minh rang
AB* + CD?* = BC? + AD? + 2CA.BD.
47



48

b) Tw cdu a), hdy chitng minh rdang : Piéu kién cdn va du dé tir gidc cé
hai duong chéo vuong géc la tong binh phuong cdc cdp canh doi dién
bdang nhau.

Gidi. (h. 39) 3
a) Ta co
AB? + CD? - BC? - AD?
A O C
= (CB - CA)? + CD? — CB? - (CD - CA)?
= —2CB.CA +2CD.CA
= 2CA.(CD — CB) = 2CA. BD. D
Hinh 39

Tl d6 suy ra diéu phai chiing minh.

b) Tur a) ta c6 ngay :
CA L BD < CA.BD =0 < AB? + CD? = BC? + AD?.

Bai toan 2. Cho doan thdang AB c6 dé dai 2a va sé K. Tim tdp hop cdc

diém M sao cho MA.MB = k*.

Gidi. (h. 40) Goi O 1a trung diém doan thang AB, ta ¢
m.m = (m + O_A)).(M—O + O_B)

= (MO + OA).(MO — OA)

—2 —2
- MO —-OA
= MO?* - 0A% = MO? - 42, Hinh 40

Do dé
MA.MB = k* & MO* - d* = k> & MO* = k* + &
Vay tap hop cdc diém M 1a duong tron tam O, ban kinh R = Vk% + a°.

Bai toan 3. Cho hai vecto O_A, 53 Goi B’ la hinh chiéu cia B trén duong
thdang OA. Ching minh rdng

_ — _

OA.OB = OA.OB’.



Chitng minh. Néu AOB < 90° (h.41a) thi 5
OA.OB = OA.OB.cos AOB

= OA.OB’
_ ’ (0] < >
= %.OEZCOSO 0 B A 5 0 A
= 0A.OB'. a) b)

Hinh 41

Con néu AOB > 90° (h. 41b) thi
OA.OB = OA.OB.cos AOB = —OA.OB.cos BOB

— —_OA.OB’ = OA.OB’.cos180° = OA.OB'.

Vecto OB’ goi la hinh chiéu cia vecto OB trén duwong thdng OA.

_ — _

Cong thitc OA.OB = OA.OB’ goi la cong thikc hinh chiéu.

3
ﬁHéy phat biéu bang I8i két luan ctia Bai toan 3.

Bai toan 4. Cho duong tron (O ; R) va diém M ¢6 dinh. Mot duong thdng A
thay doi, luon di qua M, cat duong tron dé tai hai diém A va B. Chiing
minh rang

MA .MB = MO*> - R*
Chitng minh. (h. 42) V& duong kinh BC cua duong tron (O ; R). Ta cé MA 1a
hinh chiéu ctia MC trén duong thang MB. Theo cong thiic hinh chiéu, ta c6

M A B AWB

Hinh 42

MA.MB = MC .MB = (MO + OC).(MO + OB)

— (MO - OB).(MO + OB)= MO - OB
—d* —R® (v6i d = MO).
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& CHU Y

1) Gid tri khong d6i MA .MB = d* — R? néi trong Bai todn 4 goi 12

phuong tich cta diém M d6i v6i dudmg tron (O) va ki hiéu 1320,

[ Punoy= MA.MB =d" —R° (d:MO).]

0
2) (h. 43) Khi diém M ndm ngoai .
o ;. B
duong tron (0O), MT 1a tiép tuyén ctua d.
duong tron d6 (T 1a ti€p diém), thi i ~_r
T
) —2
'%M/(O) = MT = MT2 Hinh 43
4. Biéu thirc toa do cla tich vé hudng
o
Trong hé toa do (O ; ;, ; ),cho d =(x;y) va b= (x";y") . Tinh
22 22 o= 57 ) -
a)i,j, t.7; b) a.b ; c)a; d) cos(a,b).

Cac hé thic quan trong

ﬁho hai vecto d = (x ; y) va b = (x';y"). Khi do \
1) 5.5=xx'+yy’;

2) || = \/xz + y2 :

3) cos(a, I;) =

xx'+ yy'

2 +y2\/x.2+y,2
Qdc biét : a L b < xx'+yy' =0. /

%5
Cho haivecto @ = (1;2) va b = (—=1;m).

QU
H
ol
Syl
H
ol

S —

a) Timm dé G@ va b vudng gbc véi nhau.
b) Tim d6 dai clia @ va b Tim m d& lal = |p|.
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HE QUA
Trong mdt phdng toa do, khodng cdch giita hai diém M(xy;; yyy)
va N(xy; yy) la

[ MN = [MN| = \/(XN — )+ O —ym)° }

Vi du 2. Trong mdt phdng toa dé, cho hai diém M(=2 ; 2) va N(4 ; 1).
a) Tim trén truc Ox diém P cdch déu hai diém M, N.
b) Tinh césin cua goc MON.

Gidi
a) Vi P thuoc truc Ox nén P c6 toa do (p ; 0). Khi d6
MP = NP <& MP> =NP?> & (p+2)? +2%2 = (p - 4)° + 1%

Tur d6 ta dugc phuong trinh 12p =9, suyra p = % Vay P = (% ; Oj.

b) Tacé OM = (=2 ;2) va ON = (4;1). Vay

— — —— 2.4 +2.1 3
cos MON = cos(OM, ON) = = — .
V8 .17 34

Cau héi va bai tép
Trong trudong hgp nao tich vo huéng i.b co gid tri duong, c6 gid tri am,
béang 0 ?
Cho tam gidc ABC. Téng (AB, BC) + (BC, CA) + (CA, AB) c6 thé nhan gid
tri nao trong céc gid tri sau : 90° ; 180°; 270° ; 360° ?
Cho tam giac ABC vuong 6 A va B =30°. Tinh gid tri ctia cdc biéu thic sau

a) COS(A_B., B—C:) + Sil’l(ﬁ, B—C:) + tan@ :

b) sin(AB, AC) + cos(BC, BA) + cos(CA, BA).
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10.

11.

12.

13.

14.

52

Cho bon diém bat ki A, B, C, D. Chitng minh ring
DA.BC + DB.CA + DC.AB = 0.
T d6 suy ra mot cach chiing minh dinh i : "Ba duong cao cua mot tam
gidc dong quy".
Ching minh rang diéu kién can va du dé tam gidc ABC vuong tai A 1a
BA.BC = AB’.
Cho tam gidc ABC véi ba dudng trung tuyén AD, BE, CF. Chiing minh ring

—_ — _— — _— —

BC.AD + CA. BE + AB.CF =0.
Cho hai diém M, N nam trén dudng tron dudng kinh AB = 2R. Goi I 1a giao
diém clia hai duong thang AM va BN.
a) Chiing minh rang AM.Al = AB.AI ; BN.BI = BA.BI .
b) Tinh AM.Al + BN .BI theo R.

Cho hai dudng thing a va b cit nhau tai M. Trén a c6 hai diém A va B, trén
b ¢6 hai diém C va D déu khdc M sao cho MA.MB = MC.MD. Ching
minh ring bon diém A, B, C, D cing nidm trén mot dudng tron.

Cho doan thang AB c6 dinh, AB = 2a va mot s K. Tim tap hop céac diém M
sao cho MA® — MB* = i*.

Trong mit phang toa do, cho i = 57
a) Tim cac gid trictakdé u LV ;
b) Tim céc gia tri cta k dé li] = [v].
Trong mat phang toa do, cho tam gidc ABC c6 céc dinh A(=4 ; 1), B2 ; 4),
C2;-2).

a) Tinh chu vi va dién tich cua tam giac do.

b) Tim toa do cua trong tdm G, truc tam H va tam / cua duong tron ngoai
tiép tam gidc ABC. Tir d6 hdy kiém tra tinh chat thing hang clia ba diém
1,G, H.



HE THUC LUONG TRONG TAM GIAC

Ta biét rang mot tam gidc hoan toan duoc xdc dinh néu biét ba canh, hoic hai
canh va gbc xen gitta, hoac mot canh va hai goc ké ; nghia 1a s6 do céc canh,
cac gbc con lai cua tam gidc nay hoan toan xac dinh. Nhu vay, giita cac yéu to
ctia tam giac c¢6 nhitng mai lién hé nao d6, ma ta s€ goi ching 1a cac hé thiic
luong trong tam gidc. Trong muc nay ta s€ lam quen véi mot s6 hé thie do.

1. DPinh li cosin trong tam giac

Néu ABC la tam giac vuong tai A (h. 44) thi theo

dinh 1i Py-ta-go ta c6 4
BC? = AC? + AB?
2 =2 2
hay BC™ = AC™ + AB". (*) 7 e

C6 thé chiing minh ngan gon dang thic (*) nhu sau Hinh 44

—2 iy =2 2 s 2 D

BC =(AC - AB)" = AC + AB —-2AC.AB=AC + AB .

Trong chitng minh trén, gid thiét géc A vuong duoc sit dung nhu thé nao ?
Bay gio ta hay xét mot tam giac ABC tuy y.
1
Hay lam tuong tu nhu chiing minh trén, réi dat BC = a, CA = b, AB = ¢, dé di dén
cong thirc
a® = b* +¢? = 2bccos A.

Nhu vay ta dugc dinh 1i sau day, goi la dinh li césin trong tam giac.

DINH LI

Trong tam gidc ABC,voi BC =a, CA=b,AB=c, ta c6
a* = b* + ¢ —2bccos A ;
b2 = a2 + c2 — 2accosB ;

c2 = a2 + b2 — 2abcosC.
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2
Tu dinh |i trén, hay phat biéu béng I8i cong thic tinh mét canh ciia tam giac theo hai
canh con lai va cosin clia gbc xen gitta hai canh d6.

Khi ABC la tam gidc vuéng, ching han A = 90°, dinh li césin trd thanh
dinh li quen thuoc nao ?

&) 3

/ R Tu dinh Ii cdsin hay viét céng thic tinh gia tri cosA, cosB, cosC theoa, b, c.

9

T hoat dong nay ta c6 hé qua sau day trong tam giac ABC

HE QUA
a B+ - I
COSA=——"—
2bc
2 2 2
+ —
cosp= Lt b
2ac
2 2 2
+b° -c
cosC = a ¢

N T Y

Vi du 1. Hai chiéc tau thuy cung xudt phdt tiv mot vi tri A, di thdng theo

hai hudng tao vdi nhau géc 60°. Tau B chay vdi téc dé 20 hdi li mot gio.
Tau C chay véi toc do 15 hdi li mot gio. Sau 2 gio, hai tau cdch nhau bao
nhiéu hai li ? (1 hai li = 1,852 km).
Gidi. (h. 45) Sau 2 gid tau B di dugc 40 hai 1i, tau C di dugc 30 hai li. Vay
tam giac ABC c6 AB =40, AC = 30, A =60°.
Ap dung dinh 1f cosin vao tam gidc ABC, ta c6
a® = b* +¢? = 2bccos A

= 30% + 40% — 2.30.40.c0s 60°

=900 + 1600 — 1200 = 1300.
Vay BC = +/1300 = 36 (hai 1i). A
Sau 2 gio, hai tau cach nhau khoang 36 hai Ii. Hinh 45
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Vidu 2. Cdc canh cua tam gidc ABC laa="1, b =24, c =23.Tinh goc A.

Gidi. (h. 46) Theo hé qua cua dinh Ii cosin ta c6

B
2 2 2 23
cosA Pt —a ;
2bc A 24
2 2 2 ¢
_ A ST 10,9565, Hinh 46
22423

Tir d6 ta duge A ~ 16°58".

& CHU Y

Néu st dung mdy tinh b tii (MTBT) dé tinh géc A khi biét
cosA =0,9565, ta c¢6 thé 1am nhu sau
1) D6i v6i MTBT CASIO £-220 hodic fc-500A thi 4n

0.9565 [SHIFT| [cos| [SHIFT] [o:+]. Két qua : A =~ 16°58".

2) boi véi MTBT CASIO fx-500MS thi an

0.9565 [=] [os>5]. Két qua : A ~ 16°58..
[SHIFT] [cos] q

Ngoai ra, c¢6 thé dung mot s6 loai MTBT khac dé tinh toan, nhu
CANON, SHARP hoidc ciac MTBT c6 chitc nang tuong duong.

2. Pinh li sin trong tam giac

A
Cho tam gidc ABC ¢6 BC =a, CA =b, AB =c¢
noi ti€p duong tron (O ; R). b
Néu goc A vuong (h. 47) thi a = 2R va dé thdy c “0 B
a=2RsinA, b=2RsinB, ¢ =2RsinC. (1)
Bay gio xét truong hop goéc A khong vuong. Ta
ching minh cac cong thic (1) van ding.
Hinh 47

7%4 (D& chuing minh cac cong thic (1))
Goi (O ; R) 1a dudng tron ngoai ti€p tam giac ABC, vé duang kinh BA’ clia dudng tron.

—_

Hay ching té sin BAC = sin BA'C trong ca hai trudng hgp : Géc BAC la gbc nhon
(h. 48a), 1 goc tl (h. 48b). Tir d6 hay két thic ching minh.
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A
a) b)
Hinh 48
T dé6 ta c6 dinh 1i
Véi moi tam gidc ABC, ta c6
a b ¢
= =2R,

sinA  sinB  sinC
trong do R la bdn kinh duong tron ngoai tiép tam gidc ABC.

Vi du 3. Twr hai vi tri A va B cua mét toa nha, nguoi ta quan sdt dinh C
cuia ngon nii (h. 49). Biét rang do cao AB bang 70 m, phuong nhin AC
tao vdi phwong ndm ngang géc 30°, phwong nhin BC tao vdi phuwong ndm

ngang géc 15°30'. Hdi ngon niii dé cao bao nhiéu mét so véi mdt ddt ?
Gidi. (h. 49) Tir gia thiét, ta suy ra tam gidc ABC c6
CAB =60°, ABC = 105°30', ¢ = 70.
C =180° — (A + B) = 180° — 165°30' = 14°30.
Theo dinh 1i sin ta c6
b c

sin B sinC’
hay
b 70

sin105°30" sin14°30'

Hinh 49

. (6] '
Do d6 AC = b = 228030 569 4 (m).
sin14°30"'
Goi CH la khoang cach tr C dén mat dat. Tam gidc vuong ACH c6 canh
CH d6i dién v6i goc 30° nén



_AC _269,4
2

CH =134,7 (m).

Vay ngon ndi cao khoang 135 m.

&

CHU Y
. (0] '
Néu sir dung MTBT dé tinh biéu thitc b = 20510530 s 0 co
sin14°30"
thé 1am nhu sau
1) P6i v6i MTBT CASIO £¢-220 hoic fx-500A thi dn

70 [x] 105 [o:+:] 30 [or] [sin] [.01] [£] [IC.] 14
[=]. Két qua: b ~269.4.
2) D6i v6i MTBT CASIO fx-500MS thi &n

70 [x] 105 [0:+] 30 [o:+] [] [sin] 14 [0--] 30 [o:n] [].

Kétqua: b =~269.4.

O99> O399 O99 Os9

30

Vi du 4. Cho tam gidac ABC ¢c6a=4,b =5, ¢c =6. Chitng minh rang

sinA —2sinB +sinC = 0.

Gidi. Goi R 1a ban kinh cua dudng tron ngoai ti€p tam gidc ABC.

Tt dinh 1 sin, ta c6

sinA:i, sinB:i, sinC:L-
2R 2 2

Vay sinA —-2sinB +sinC = L(a -2b+c)= L(4 -10+6) =0.
2R 2R

Dinh i cbsin trong tam giac con dudc goi la dinh |i
An Ka-si (AL Kashi) — tén cla nha thién van hoc va
toan hoc Trung A, mét trong nhiing nha bac hoc 16n
cudi cling cla trudng phai Xa-mac-kan (Samarkand)
dau thé ki XV.

{

AL Kashi
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3. Téng binh phuong hai canh va dd dai dudng trung tuyén ctia tam giac

Bai toan 1. Cho ba diém A, B, C, trong d6 BC = a > 0. A
Goi I 1a trung diém cua BC, biét Al = m (h. 50). Hay

tinh AB% + AC? theo a va m.

Néu m :% thi c6 thé thdy ngay AB* + AC? bdng

. B Il C
bao nhiéu hay khong ?

Hinh 50
5 (D& giai Bai toan 1)

Hay viet AB = Al + IB, AC = Al + IC r6itinh AB + AC dé di dén két qua
2
AB? + AC? =2m” + %

Bai toan 2. Cho hai diém phan biét P, Q. Tim tap M
hop cdc diém M sao cho MP? + MQ? = k?, trong d6

k 1a s6 cho trudc.

Hudng dan. (h. 51) Goi I 1a trung diém cta PQ va

dat PQ = a. Theo Bai toan 1, ta c6

az P 1 0
MP? + MQ? = 2MI? + R Hinh 51

2
Vay MP? + MQ? = k? khi va chi khi 2MI% + % = k% hay

2 2
=K & (*)
2 4

6
ﬁﬂr (*) hay suy ra I3i giai cGia Bai toan 2.

Bai toan 3. Cho tam gidc ABC. Goi m,, m;, m. 1a do dai cdc duong trung
tuyén lan luot ting véi cac canh BC = a, CA = b, AB = ¢. Chiing minh céc
cong thic sau day, goi 1a cong thitc trung tuyén

) b2+C2 612 . ) 2 2 b2 . ) a2+b2 CZ
m;, = - ;o omp = - m; = ———— —.
2 4 2 4 2 4

Giai. T két qua ciia Bai todn 1, ta suy ra ngay cac cong thic can ching minh.
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4. Dién tich tam giac

Vé6i tam gidc ABC, ta ki hiéu h,, hy, h,1a do dai cac duong cao lan luot
ting v6i cac canh BC, CA, AB ; R, r 1an lugt 1a ban kinh duong tron ngoai
e . a+b+c . . >

ti€p, noi ti€p tam gidc ; p = — l1a ntra chu vi tam gi4c.

Ta c6 thé tinh dién tich S ctia tam gidc ABC bing céc cong thic sau day

1 1 1 \
/S = —aha = Ebhb =§Chc ; (1)

2
1 ) 1 . 1 )

S =—absinC = —acsinB = —bcsinA ; 2)
2 2 2
abc

S=—: 3
4R )

S=pr;

)
\_ S =rp - = -0, ®

(Cong thtrc (5) goi 1a cong thirc Hé-rong).

7 (h. 52)

Hay tinh h, trong tam giac AHB theo canh ¢ va géc B, roi thay vao cong thic
1 ’ , T S N s

S = Eah" dé dugc cong thic (2) (chu y xét ca hai trudng hop H nam trong, H nam

ngoai doan BC).

Hinh 52

8
%TU cong thirc (2) va dinh li sin, hay suy ra céng thirc (3).
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7@%9 (h. 53)

Goi (O ; r) la dudng tron noi ti€p tam giac
ABC. Pé y réng S |a téng dién tich cac tam
giac OBC, OCA, OAB. Hay ap dung coéng
thic (1) dé suy ra cong thiic (4).

* Chitng minh cong thiic Hé-réng

Tacé S = %bcsinA, suy ra

s? = %bzcz(l —cos® A)

2.2 22
:%bzcz{l_(b +e a)}

4l9202

= %(2196- + b2+ F— a®)@2be - bE - ? + d?)

- %[(m c)2—a2)}[a2 — (b cﬂ
_ b+c+a.b+c—a.a—b+c'a+b—c
2 2 2 2
=p(p —a)(p =b)(p —c).
Vay  S=4p(p-a)p-Db)p-o).

* Nguoi ta goi tam gidc c6 do dai cac canh la ba s6 nguyén lién ti€p va co
dién tich bang mot s6 nguyén 1a tam gidc Hé-rong. Cac tam gidc c6 do dai
cac canh nhu sau

3:4:5,
1314 ; 15,
51;52; 53,

l1a nhitng tam gidc Hé-rong.

10
ﬁHéy tinh dién tich cla ba tam giac Hé-réng & trén.
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5. Giai tam giac va uing dung thuc té
Giai tam giac la tinh ciac canh va cdc goc cua tam gidc dua trén mot sO
diéu kién cho trudc.

Vi du 5. Cho tam gidc ABC. Biét a =174 ; B = 44°30' ; C = 64°. Tinh
goc A va cdc canh b, ¢ cua tam gidc do.
Gidi. (h. 54)
Ta co

A =180°~ (B+C)

= 180° — (44°30' + 64°) = 71°30..

Theo dinh Ii sin ta c6

asinB _ 17,4.sin 44°30"
sin A sin71°30"

b= ~ 12,9

asinC _ 17,4.sin 64°

; ~ 16,5.
sin A sin71°30"

Vi du 6. Cho tam gidc ABC. Biét a = 494 ;
b =264 ; C = 47°20. Tinh hai géc A, B va
canh c. B

Gidi. (h. 55) Hinh 55

26,4

494 4790

Theo dinh 1i cosin ta co
¢® = a® + b% — 2abcosC = (49,4)% + (26,4)% — 2.49,4.26,4.cos 47°20'
~ 1369,58.

Vay ¢ = 4/1369,58 = 37,0.

2,2 2 B
cosA — b +c a_ 696,96 + 1369,58 — 2440,36 ~—0.1913.
2bc 2.26,4.37

Diing bang s6 hoac MTBT, tim duoc A ~ 101°2". Tir d6
B ~180° — (101°2' + 47°20") = 31°38".
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Vi du 7. Cho tam gidc ABC. Biét a =24 ; b = 13 ; ¢ = 15. Tinh cdc géc

A, B, C. A
Gidi. (h. 56) 15 13
Theo hé qua cua dinh Ii cosin, ta c6 B 24 c
b+ —d?
CoOSA = ———— Hinh 56
2bc
_ 169 +225 - 576 =—lz—0,4667.
2.13.15 15

Vay A ~117°49'.

. a b .
Vi - = — nén
sinA sinB

b.sinA _ 13.5in117°49"  13.sin62°11'

~ 0,4791.
a 24 24

sinB =

Vi canh AC ngén nhét nén géc B nhon. Suy ra

B ~28°38': C ~180° — (117°49' + 28°38") = 33°33",

Vi du 8. Puong ddy cao thé ndi thang tir
vi tri A dén vi tri B dai 10 km, tir vi tri A
dén vi tri C dai 8 km, géc tao bdi hai
duong ddy trén bdang 75°. Tinh khodng
cdach tiwvi tri B dén vi tri C (h. 57).

Gidi. Ap dung dinh If cosin vao tam gidc
ABC, taco

Hinh 57

a® = b* + % = 2bc.cos A
~ 8% +10% —2.8.10.cos 75° = 123.
Suy ra a=11 (km).
Vay khoang céach tir B dén C xap xi 11 km.



Vi du 9. (h. 58) Mot nguoi ngoi trén tau
hod di tir ga A dén ga B. Khi tau dé ¢ ga A,
qua oOng nhom nguoi dé nhin thdy mot
thdap C. Hudng nhin tix nguoi dé dén thdp
tao vdi hudng di ciia tau mot géc 60°. Khi
tau dé ¢ ga B, nguoi dé nhin lai vdn thdy
thip C, hudng nhin tix nguoi dé dén thdp
tao voi huong nguoc voi huong di cua tau

mot géc 45°. Biét rang doan duong tau ndi thdng ga A véi ga B dai 8 km.
Hoi khodng cdch tir ga A dén thdp C la bao nhiéu ?

Gidi. Xét tam giac ABC. Ta c6
C =180° — (60° + 45°) = 75°,

c

Ap dung dinh Ii sin vao tam gidc ABC, ta dugc b__

sinB sinC’
sin45°
sin75°

Vay khoang céch tir ga A dén thap C xap xi 6 km.

Suy ra b = 8. ~ 6 (km).

Em c6 biet ?

CIAI TAM CIAC VA MET MAU

Ngay sau Cach mang 1789 & Phap, ngudi ta quyét dinh xay dung mot hé do
ludng phé cap, trong d6 cé do do dai.

Vé d6 dai, ngudi ta 18y d6 dai vong kinh tuyén ctia Trai Dat lam co s ("du6i chan mai

ngudi déu cé kinh tuyén"). Ngudi ta coi vong kinh tuyén Trai D4t dai 40000 km, tlrc

4x10" mét, vay mot meét la % clia mot phan tu dé dai vong kinh tuyén. Bang
10

cach nao cé dudc mot mét dé lam mau ?
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16.
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Cac nha thién van Pi-e Mé-sanh (Pierre
Méchain) va Giang Bd-lam-bro (Jean
Delambre) dudc giao nhiém vu do d6 dai

Beauquéne

. M .. . 1 ” Visnlcouﬂ
cung kinh tuyén néi hai thanh phé Bon-kec
(Dunkerque & Bac Phap) va Béac-xo-lo-na
(Barcelona, Tay Ban Nha). Cac phuong Ameyd,. |
phap thién van thoi d6 da cho biét hai Bavonvillers
thanh phé d6 cé cung kinh d va cé vi do VilleraBiee
khac nhau 10,8 do. I

Trén mét dat, viec do géc dé hon do do dai Soardon
nén ngudi ta xét day tam giac sdp x&p ké

nhau doc theo kinh tuyén di qua hai thanh

ph& néi trén (mébi tam giac cé dinh 1a cac dia

diém dé xac dinh vi tri nhu dinh lau dai, néc Noyers
nha thd v.v...). Trong 7 nam lao déng kién

nhan miét mai, Mé-sanh, Bd-lam-bro dung

khoang 500000 phép do dé giai hang tram

tam giac s3p x&p nhu thé. Sau db, qua Clermen
nhiéu thang kiém nghiém do dac, tinh toan

bdi mét hoi déng gébm nhiéu nha bac hoc

tén tudi (trong d6 c6 cac nha toan hoc

Phap La-pla-xc (Laplace), Lo-giang-dro

(ngendre), La-grang-gio (Lagrange) v.v...), S Martin
két qua cudi cung da dudgc cong nhan vao du Tertre
ndm 1799 va da c6 mau moét mét bang Dammartn
bach kim dat tai Vién do ludng Pa-ri (Paris)
(mAu mdt mét "cho moi thdi dai", "cho moi
dan toc"). epe
Ngay nay, dung cac phudng phap cla Iondidar A1
Vat I hién dai, ta c6 thé xac dinh don vi do Panchéon |
dé dai chinh xac hon nhiéu. N

[ulu-luirrrs

S Chr :top‘\e

——aARNFIINAK

BP“P ARBIAC

Cau héi va bai tép
Tam gidc ABC c6a=12,b =13, c=15. Tinh cosA va gbc A.

Cho tam gidc ABC c¢6 AB =5, AC =8, A = 60°. Két qua nao trong cac két
qua sau la do dai canh BC ?

a) V129 ; b) 7,
c) 49 ; d) J69.



17.

18.

19.

20.

21.

22.

23.

Hinh 59 v& mot hé nudc nam & \/
gbc tao boi hai con duong. Bon
ban An, Cuong, Tri, Duc du doidn A

khoang cach tir B dén C nhu sau
An: 5 km

Cuong : 6 km
Tri : 7 km
Dic : 5,5 km. Hinh 59

Biét rang khoang cédch tir A dén B 1a 3 km, khoang céch tir A dén C 1a 4 km,
g6c BAC 1a 120°.

Hoi du dodn cua ban nao sat véi thuc té€ nhat ?
Cho tam gidc ABC. Chting minh cic khing dinh sau
a) Goc A nhon khi va chi khi a* < b* + ¢*;
) N )
b) Géc A tu khi vachikhia™ > b" + ¢ ;
. . I N )
¢) Goc A vuong khi vachi khia™ =b" + ¢".
Tam gidc ABC c6 A = 60°, B = 45°, b = 4. Tinh hai canh a va c.

Cho tam gidc ABC c¢6 A = 60°, a = 6. Tinh ban
kinh duong tron ngoai ti€p tam giac.

Chiing minh rang néu ba géc cta tam gidc ABC
thoa man hé thic sin A = 2sin B.cosC thi ABC
la tam gidc can.

Hinh 60 v& mot chiéc tau thuy dang neo dau & vi
tri C trén bién va hai ngudi ¢ cdc vi tri quan sat
A va B c4ch nhau 500 m. Ho do dugc goc CAB
bing 87° va géc CBA bing 62°.

Tinh cac khoang cach AC va BC. Hinh 60

Goi H 1a tryc tam ctia tam gidc khong vuong ABC. Ching minh rang ban kinh
céc duong tron ngoai ti€p cac tam gidc ABC, HBC, HCA, HAB bang nhau.
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34.

35.

36.
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Tam gidc ABC c6a=7,b=8, c=06.Tinh m,.

Tam gidc ABC c6 a =5, b =4, ¢c = 3. Lay diém D d6i xing v6i B qua C.
Tinh do dai AD.

Cho hinh binh hanh ABCD ¢6 AB=4,BC =5, BD =7. Tinh AC.

Ching minh riang trong mot hinh binh hanh, tong binh phuong cdc canh
bing tong binh phuong cta hai dudng chéo.

Chiing minh rang tam gidc ABC vuong & A khi va chi khi 5m2 = m,% + mc2

Tam gidc ABC c6 b=6,12; c=5,35; A= 84°. Tinh dién tich tam gidc doé.

Cho tit gidc ABCD. Goi M, N lan luot 1 trung diém ctia AC va BD. Chiing
minh rang

AB? + BC? + cD? + DA% = AC? + BD? + 4MN?.

Goi S la dién tich va R la ban kinh duong tron ngoai ti€p tam giac ABC.
Ching minh rang

S = 2R? sin Asin BsinC.

Chiing minh rang dién tich ciia moét ti gidc biang nira tich hai duong chéo
va sin cua goc hop badi hai duong chéo do.

Giai tam giac ABC, biét

a)c=14, A =60°, B =40°; b)b=4,5, A =30° C =75°;
c)c=35 A =40° C =120°; d)a=1375, B =83°, C =57°
Giai tam giac ABC, biét

a)a=63,b=63, C =54°; b)b=32,c=45 A =87°;
©)a=7,b=23, C =130°

Giai tam giac ABC, biét

a)a=14,b=18,c=20; B a=6,b=73,c=48;
ca=4,b=5,c=17.

Biét hai luc ciing tdc dung vio mot vt va tao véi nhau géc 40°. Cudng do
ctia hai luc d6 1a 3N va 4N. Tinh cudng do cia luc téng hop.



37. Tu vi tri A nguoi ta quan sat mot cay cao (h. 61).

C

20

Hinh 61
Biet AH =4 m, HB =20 m, BAC =45°. Tinh chiéu cao ciia cay.

38. Trén n6c madt toa nha c6 mot cdt ang-ten cao 5 m. T vi tri quan sit A
cao 7 m so v6i mat dat, c6 thé nhin thay dinh B va chan C cta cot ang-ten duéi

gé6c 50° va 40° so v6i phuong nim ngang. Tinh chiéu cao cia toa nha (h. 62).

Hinh 62
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ON TAP CHUGNG II

| - Tém tat nhirng kién thirc can nhé
1. Gia tri luong giac cua mot goc

— V6i mdi goc o (0° < a <180°), ta x4c dinh diém M trén nita dudng tron

don vi sao cho MOx = a. Gia st diém M c6 toa do (x ; y). Khi d6

sina =y, cosa = X,
sina cosa .

tana = (cosa # 0), cota=— (sina # 0).
cosa sinx

— Hai gdéc bu nhau c6 sin bang nhau ; con cdsin, tang, cétang clia ching
doi nhau.

2. Tich vo huéng cua hai vecto

— Tich vo hudng clia hai vecto @ va b 1a

h = lal. |E| . cos(a, l;).

Ql
S
Il

— Biéu thtc toa do cta tich vo huéng va khodng cach giita hai diém
HNéu d = (x;y), b=(x";y) thi
a.b=xx + o

2)Neéu M = (xy; 5yy), N =(xy;yy) thi

MN = \/(xN —x)> + iy =)
3. Dinh li cosin trong tam giac
a2 = b2 + c2 — 2bccos A.
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4. Dinh li sin trong tam giac

a b c _9R.

sin A sin B sinC

5. Cong thitc trung tuyén cua tam giac

) b% + 2 a*
m, = - —.
2 4

6. Cac cong thic tinh dién tich tam giac

S= %aha = %absinC = c;_l;c =pr= \/p(p —a)(p-b)(p-o).

Il - Cau hdi tu kiém tra
1. Phét bi€u dinh nghia tich vo huéng cua hai vecto. Khi nao thi tich vo
hudng cua hai vecto 1a s6 duong, 1a s6 4m, bang 0 ?

2. DEé giai tam gidc ta thuong dung dinh If cosin trong nhitng trudng hgp nao ?
Duing dinh 1i sin trong nhitng truong hop nao ?

3. Cho biét do dai ba canh cta tam gidc. Lam thé€ nao d€ tinh
a) Céac gbc cua tam giac ?
b) Cac duong cao ctuia tam giac ?
¢) Ban kinh duong tron ngoai ti€p va noi ti€p tam giac ?
d) Dién tich tam giac ?

4. Trong mat phang toa do, biét toa do ba dinh clia tam gidc, l1am thé nao dé
tim chu vi, dién tich, toa do truc tam, tam dudng tron ngoai ti€p tam giac ?

lll - Bai tap
1. Chting minh cac cong thic sau
S zg(w P olaoif), was :i(|a+b| _la— ).
2. Goi G la trong tam tam gidc ABC.
a) Chiing minh ring v6i moi diém M, ta luon c6
MA? + MB* + MC? = 3MG* + GA® + GB* + GC*.
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b) Tim tap hop céc diém M sao cho MA” + MB* + MC? = k%, trong dé k 1a
mot so cho trudc.
Cho hinh binh hanh ABCD. Tim tap hop céc diém M sao cho
MA® + MB* + MC* + MD* = i,
trong d6 k 1a mot so cho trudc.

Trén hinh 63 c6 vé hai tam gidc vuong can B’
ABC va AB’C’ ¢6 chung dinh A. Goi I va J I
lan luot 13 trung diém clia hai doan thang
BB’ va CC’. Ching minh rang 5
a)Al L CC',AJ L BB’;
b) BC' L B'C. A ¢
Cho hinh vuong ABCD canh a. Goi N la trung J
diém ctia CD, M 1a diém trén AC sao cho C
Hinh 63

AM = lAC.
4

a) Tinh cac canh cua tam giac BMN.

b) C6 nhan xét gi vé tam gidc BMN ? Tinh dién tich tam gidc do6.
¢) Goi I 1a giao diém cta BN va AC. Tinh CI.

d) Tinh ban kinh duong tron ngoai tiép tam gidc BDN.

Trong mit phang toa do, cho € = (4 ;1) va ? =(1;4).

a) Tim goc gilta cac vecto € va ?

b) Tim m dé vecto @ = & + mf vuong géc véi truc hoanh.

¢) Tim n dé€ vecto b =né + ? tao véi vecto i+ ] mot géc 45°.

Cho tam gidc ABC. Chitng minh ring diéu kién cdn va da dé hai trung
tuyén ké tir B va C vuong goc véi nhau la

b +c? =54
Trong cac tam gidc c6 hai canh la @ va b, tim tam giac c6 dién tich 16n nhat.

Cho tam gidc ABC ¢6 a = 12, b = 16, ¢ = 20. Tinh dién tich S, chiéu cao A,
cac ban kinh R, r cia dudng tron ngoai ti€p, noi ti€p tam giac do.



10. Cho tam gidc ABC. Chiing minh rang

b +c? - a?
a) cotA = T (S 1a dién tich tam gidc ABC) ;
2 2 2
b) cotA + cotB + cotC = %.

11. Cho hai dudng tron (O ; R) va (O’ ; R’) cét nhau tai hai diém A va B. Trén
dudng thang AB, 14y diém C & ngoai hai dudng tron va ké hai ti€p tuyén CE,
CF dén hai dudng tron do (E, F 1a céc ti€p diém). Chiing minh ring CE = CF.

12. Cho duodng tron (O ; R) va mot diém P c6 dinh & bén trong dudng tron do.
Hai day cung thay déi AB va CD lué6n di qua P va vuong géc vé6i nhau.

a) Chiing minh ring AB® + CD” khong déi.
b) Ching minh ring PA%+ PB* + PC*+ PD* khong phu thuoc vao vi tri
ctia diém P.
IV - Bai tap trdc nghiém

1. Gi4 tri cos45° + sin45° bing bao nhiéu ?

(A) 1 (B) V2 ; © 3 (D) 0.
2. Trong cic dang thic sau, dang thifc ndo ding ?

(A) sin(180° — &) = —cosa ; (B) sin(180° — ) = —sina ;

(C) sin(180° — &) = sina ; (D) sin(180° — &) = cosa.
3. Trong c4c dang thitc sau, dang thitc nao sai ?

(A) sin0° + cos0° =0 ; (B) sin90° + cos90° =1 ;

3+

2

(C) sin180° + cos180° = —1 ; (D) sin60° + cos60° =
4. Trong cac hé thic sau, hé thic nao khong ding ?
(A) (sina + cosoz)2 =1+ 2sinacosa ;

(B) (sinx —coso:)2 =1-2sinacosa ;

71



10.

72

© cos’* & — sin* & = cos® & — sin® & ;
(D) cos*a +sinta = 1.

Cho O la tam dudng tron ngoai ti€p tam gidc déu MNP. Gbc nao sau day
bing 120° ?

(A) (MN, NP) ; (B) (MO, ON) :
(C) (MN, OP) ; (D) (MN, MP).

Cho M, N, P, Q 1a bon diém tuy y. Trong céac hé thic sau, hé thic nao sai ?
(A) MN .(NP + PQ) = MN.NP + MN.PQ :

(B) MP.MN = —-MN.MP ;

(C) MN.PQ = PQ.MN :

(D) (MN — PQ).(MN + PQ) = MN? — PQ?.

Trong c4c hé thic sau, hé¢ thic nao ding ?
: (B) Va* =lal ;

© \/572=d; (D) a@ = +ldl.

(A) |a.b| =lal b

Trong mit phang toa do, cho @ = (3 ; 4), b = (4 ; —-3). Két luan nao sau
day la sai ?

(A)d.b=0; B)adlb;
©) |a.b|=0: D) lal.lb| = 0.

Trong mat phang toa do, cho @ = (9 ; 3). Vecto nio sau day khong vuong
goc vGi vecto d ?

(A) v(1;-3); (B) Vv(2;-6);

©v(d;3); (D) V(- 1;3).

Tam giac ABC c6 a = 14, b = 18, ¢ = 20. Két qua nao sau day 1a gan ding nhit ?
(A) B ~42°50' ; (B) B ~60°56';

(C) B ~119°04'; (D) B ~90°.



11.

12.

13.

14.

15.

16.

Néu tam giac MNP ¢c6 MP =5, PN = 8 va MPN = 120° thi do dai canh
MN (lam tron dén chit s6 thap phan thi nhat) 1a

(A)11,4; (B) 12,4 ;

©)7,0; (D) 12,0.

Cho tam gidc MPQ vuong tai P. Trén canh MQ 14y hai diém E, F sao cho
cdc goc MPE, EPF, FPQ bang nhau.

bat MP =g, PO =m, PE=x, PF =y (h. 64). M
Trong cac hé thic sau, hé thic nao ding ?
E

(A) ME =EF =FQ ; q

2 2. 2 7 r
BYME =g +x" —xq; y

2 2 2
(OMF =q"+y -yq; P m 0
(D) MQ2 = q2 +m - 2gm. Hinh 64

Tam gidc ABC c6 BC = 10, A =30°. Ban kinh duong tron ngoai ti€p tam
gidc ABC bang bao nhiéu ?

(A)S; (B) 105
© 2 (D) 1043
V3
Tam gidc v6i ba canh 14 5, 12 va 13 ¢6 dién tich bang bao nhiéu ?
(A)30; (B) 202 ;
(©) 103 ; (D) 20.

Tam gidc ABC c6 ba canh la 6, 10, 8. Ban kinh duong tron noi tiép tam
gidc d6 bang bao nhiéu ?

(A) V3 (B)4:

©2; (D) 1.

Tam gidc ABC ¢6 B = 60°, C = 45°, AB = 5. Hoi canh AC béng bao nhiéu ?
(A) 543 ; (B) 5V2 ;

(© % : (D) 10.
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CHUONG

Quj da0sa0 -"1@0-\ QuidaosaoHod  Quj dao Trii Dit
\ | /

Quf dao sao Thién Yirong

Quj dao sao Hii Yuong

Quj daosa0 Diém Yuong

Pruvone pHAP TOA PO
TRONG MAT PHANG

Bang céqh dua vao mat phéng mot hé truc toa do, mdi
vecto, méi diém trén mat phang dé déu duoc xac dinh
bdi toa do cla nd. Khi dé ching ta co thé chuyén nhiéu
bai toan hinh hoc sang bai toan dai s6 va ngugc lai, tir
két qua cua dai s6 suy ra duoc mét sé tinh chat va mai
quan hé gitta cac hinh hinh hoc.

Yéu c4u d6i véi cac em khi hoc chuong nay 1a

- Lap dugc phuong trinh dudng thénﬁg, dudng tron, dudng
conic khi biét cac yéu t6 xac dinh méi dudng.

- T phuong trinh cla cac dudng, thdy dugc cac tinh chét
va quan hé gitra cac duong.

- Nhé va van dung duoc cac biéu thic toa dé vao viéc
tinh khoang cach, tinh géc.




PHUONG TRINH TONG QUAT
S CUA PUONG THANG

1. Phuong trinh téng quat cta dudng thing

Trén hinh 65, ta c6 cdc vecto 7y, i, 7z khac 0 <
ma gid cua ching déu vuong gdéc véi dudng
thang A. Khi do, ta goi 7|, #,, 73 12 nhiing N
., [t n
vecto phdp tuyén cua A. A 1
DINH NGHIA Hinh 65

Vecto 1t khdc 0, ¢6 gid vuong géc véi duong thang A goi la

vecto phdp tuyén ciia duong thdng A.

Moéi duong thdng cé bao nhiéu vecto phdp tuyén ? Chiing lién hé véi nhau
nhu thé nao ?

Cho diém I va vecto i # 0. C6 bao nhiéu dwong thdng di qua I va nhdn 7
la vecto phdp tuyén ?
Bai toan
Trong mdt phdng toa do, cho diém
I(xg 3 o) va vecto ii(a ; b) ¢6.GQiA A
la duong thang di qua I, cé vecto phdp
tuyén la i . Tim diéu kién ciia x va y dé M
diém M(x ; y) nam trén A.

Gidi. (h. 66) / \

Piém M nim trén A khi v chi khi 0 ~
M L i, hay
IM .7 =0. () Hinh 66
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Tacé IM = (X —Xxg3 Y —Yo) va ii = (a;b) nén (¥) tuong duong véi
a(x — xp) + b(y —y9) = 0. (1)
DPay chinh 12 diéu kién can va diu dé M(x ; y) nim trén A.

Bién doi (1) vé dang ax + by —axy —byy = 0 va dat —ax, — by = ¢, ta dugc
phuong trinh

ax+by+c=0 (a> +b*> #0)

va goi 12 phuong trinh tong qudt clia dudng thang A.

Tém lai,

Trong mdt phdng toa dé, moi duong thang déu cé phuong trinh
tong qudt dang

ax + by + ¢ =0, v6i a> + b> = 0.

Ngugc lai, ta c6 thé chiing minh duoc ring : Méi phuong trinh dang

ax + by +c =0, v6i @ +b* %0
déu 1a phuong trinh téng quat cia mot dudng thang xéc dinh, nhan 7 = (a ; b)
la vecto phap tuyén.
Moéi phuong trinh sau cé phdi la phwong trinh tong qudt ciia dwong thdng
khong ? Hay chi ra mot vecto phdp tuyén ciia dwong thang do :
Tx-5=0; mx+(m+1)y—-3=0; ke—2ky+1=0.
1
Cho dudng thdng A c6 phuong trinh téng quat 1a 3x — 2y + 1 = 0.
a) Hay chi ra mét vecto phap tuyén clia dudng thing A.
b) Trong cac diém sau day, diém nao thudc A, diém nao khéng thudc A ?
1 1 1
M(;1), N-1;-1), PlO;—1|, O(2;3), E| —;—|.
( » NG ) ( 2j A ) ( 2 4)
Vi du. Cho tam gidc cé ba dinh A = (-1 ;-1),B=(-1;3),C=2; —4).
Viét phuong trinh tong qudt ciia duong cao ké tir A.
Gidi. Pudng cao can tim 1a duong thing di qua A va nhan BC 1a mot vecto
phap tuyén. Ta c6 BC = (3;-7)vaA=(-1;-1)nén theo (1), phuong trinh
téng quat ctia dudng cao d6 1a 3(x + 1) = 7(y + 1) = 0 hay 3x — 7y — 4 = 0.



Ciac dang dac biét cia phuong trinh téng quat

2
ﬁCho dudng thdng A : ax + by + ¢ = 0. Em ¢ nhan xét gi vé vi tri tuong ddi clia A va
cactructoaddo khia=0?Khib=0?Khic=07?

GHI NHO
Duong thang by + ¢ = 0 song song hodc tring véi truc Ox (h. 67a).
Duong thdng ax + ¢ = 0 song song hodc tring véi truc Oy (h. 67b).
Puong thdng ax + by = 0 di qua goc toa do (h. 67¢).

yA y A

a) b)
Hinh 67

3
%Cho hai diém A(a ; 0) va B(0 ; b), v6i ab # 0 (h. 68). /
a) Hay viét phuong trinh t6ng quat ctia dudng thng A ;
di qua A va B.
b) Ching t6 réng phuong trinh téng quét clia A tuong
duong véi phuaong trinh
R A
a b

GHI NHO
Duong thang cé phuong trinh

242 =1@=0.b%0) 2)
a b

di qua hai diém A(a ; 0) va B(0 ; b).
Phuong trinh dang (2) duoc goi 14 phuwong trinh duong thdng theo
doan chan.

Viét phuong trinh tong qudt ciia duong thdng di qua A(=1 ; 0) va B0 ; 2).

=V

A(a;O) 0

Hinh 68

& CHU Y
Xét dudng thang A c6 phuong trinh téng quat ax + by + ¢ = 0.
Néu b # 0 thi phuong trinh trén dua dugc vé dang
y=kx+m 3)

v6i k=—-<, m=—S. Khidé k 1a hé 56 géc ciia dudng thing A

va (3) goi la phuong trinh ctua A theo hé so goc.
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Y nghia hinh hoc ctia hé sé goc (h. 69)

yﬂ
Xét dudng thang A : y = kx + m. ’\
V6i k # 0, goi M 1a giao diém cta A véi truc Ox
va Mt 1a tia cha A nam phia trén Ox. Khi d6, néu
a la géc hop boi hai tia Mt va Mx thi hé s6 goc a
clia duong thing A bing tang cla goéc a, tic 1a 0 MX A ?
k = tana.

Khi k = 0 thi A Ia dudong thang song song hoidc Hinh 69

trung voi truc Ox.
Moéi duong thang sau ddy cé hé sé goc bdang bao nhiéu ? Hay chi ra géc «
tuwong ting voi hé so géc do.
a)Aj:2x+2y-1=0;
b)Ar: NBx—y+5=0

2. Vi tri tuong dai clia hai dusng thang
Trong mat phing toa do, cho hai dudng thiang A, A, c6 phuong trinh
Ay ax+byy+c =0,
Ay arx+byy+cy=0.

Vi s6 diém chung clia hai dudng thang bing s6 nghiém clia hé gom hai
phuong trinh trén, nén tir két qua cua dai s6 ta c6

a) Hai dudng thang A, A, cét nhau khi va chi khi

a b =0 ;

a b

b) Hai duong thang A, A, song song khi va chi khi

a b b ¢
Polloo v [0 M=o,
a by by ¢
a C a
hoac b =0 va ! I 4 0 ;
a b ) a

c) Hai dudng thing A, A, tring nhau khi va chi khi

a bl b g |a 4

=0.

a by | o |0 a
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Trong trudong hop a,, b,, ¢5 déu khac 0, ta co

4 I
Ay, Ay cdt nhau < — # — |
b
Al//A2<:> ﬂ:—li—
a y)
b
A=Ay & ﬂ:b_l__
N A, Y,

N ?2 7 A -, a b 2, A s N A . , Al 2 ~
Tuw ti 1é thirc I b—l, cO thé noi gi vé vi tri tuong doi cua Ay va Ay ?

a )

Xét vi tri tuong doi cia hai duong thang A, A, trong moi truong hop sau

a)AI:\/Ex—Sy+5:O va A2:x+3y—\/_=0;
b)A;:x-3y+2=0 va Ay: 2x+6y+3=0;
c)A;:0,7x+12y-5=0 va A,:1,4x+24y-10=0.

Céu hdi va bai tap

Trong cidc ménh dé sau, ménh d¢ nao ding ?

a) Puong thang song song véi truc Ox c6 phuong trinh y = m (m # 0) ;

b) Pudng thang c6 phuong trinh x = m*+ 1 song song Vv6i truc Oy ;

¢) Phuong trinh y = kx + b 13 phuong trinh clia dudng thang ;

d) Moi duong thiang déu c6 phuong trinh dang y = kx + b ;
e) Puodng thing di qua hai diém A(a ; 0) va B(0 ; b) c6 phuong trinh

T2,
a b
Viét phuong trinh tong quét clia
a) Puong thang Ox ;
b) Puong thang Oy ;
¢) budng thang di qua M(x, ; yp) va song song véi Ox ;
d) Dudng théng di qua M(xg ; o) va vuong goc vé6i Ox ;

e) budng thang OM, v6i M(x ; yp) khéc diém O.
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3. Cho tam gidc ABC c6 phuong trinh cic dudng thang AB, BC, CA la
AB :2x -3y—-1=0;
BC :x+3y+7=0;
CA:5x-2y+1=0.
Viét phuong trinh tong quét clia dudng cao ké tir dinh B.
4. Cho hai diém P(4 ; 0), Q(0 ; -2).

a) Viét phuong trinh tdng quat ctia dudng thang di qua diém A3 ; 2) va
song song véi dudong thang PQ ;

b) Viét phuong trinh tdng qudt clia duong trung truc clia doan thang PQ.
5. Cho dudng thang d c6 phuong trinh x —y = 0 va diém M(2 ; 1).

a) Viét phuong trinh tdng quét ctia dudng thiang déi xiing véi dudong thang d
qua diém M.

b) Tim hinh chiéu clia diém M trén dudng thang d.

6. Xét vi tri tuong d6i ciia mdi cap dudong thang sau va tim giao diém (néu cé)
cta ching

a)2x—-5y+3=0vasx+2y-3=0;
b)x-3y+4=0va0,5x—-1,59y+4=0;
¢)10x+2y—-3=0vasSx+y—-1,5=0.

PHUONG TRINH THAM SO CUA
PUGCNG THANG

§

” u
1. Vecto chi phuong cua dudng thang /

Trén hinh 70, vecto @ khac 0, c6 gid Ia

) . - . A u
duong thang A ; vecto u, khiac 0, co6 gid 5 2.
X
song song v6i A. Khi d6 ta goi iy, i, 1a pd
cdc vecto chi phuong clia dudng thang A. Hinh 70
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DINH NGHIA

Vecto it khdc 0, cé gid song song hodc tring véi duong thang A
duoc goi la vecto chi phuong cuia A.

Vecto chi phuwong va vecto phdp tuyén ciia mot duong thang quan hé voi
nhau nhu thé nao ?

Vi sao vecto ii = (b ; — a) la mot vecto chi phuong ciia duong thang cé
phuong trinh ax + by + c=07?

2. Phuong trinh tham sé cua dudng théng

Bai toan. Trong mdt phdng toa dé Oxy, cho duong thing A di qua diém
I(xg ; yo) va cé vecto chi phuong u = (a ; b). Hay tim diéu kién ciia x va 'y

dé diém M(x ; y) nam trén A.

y A
%1 (DE giai bai toan) 7/( N

Diém M n&m trén A khi va chi khi vecto W cung Mx: y)
phuaong véi vectd u (h. 71), tlic 1a c¢b s6 ¢ sao cho

IM = tii . >

— 0 X

Hay viét toa do cla IM va cla ri réi so sanh
cac toa do cula hai vecto nay. Hinh 71

Tur hoat dong trén suy ra : Diéu kién can va du dé M(x ; y) thudc A 1a cé
0 ¢ sao cho

X = Xn + at
{ 0 (@® + b* % 0). (1)
y=y0+bt

Hé (1) duoc goi 12 phuong trinh tham sé clia dudng thang A, v6i tham so z.

& CHU Y

V6i moi gid tri ciia tham s6 ¢, ta tinh dugc x va y tir hé (1), tic 1a
c6 dugc diém M(x ; y) ndm trén A. Ngugc lai, néu diém M(x ; y)
nam trén A thi ¢c6 mot s6 7 sao cho x, y thoa man hé (1).
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Cho duong thdng A cé phuong trinh tham sé

xX=2+t
y=1-2t

a) Hay chi ra mot vecto chi phuong cua A.

2 o A 2 . s P ., . 1
b) Tim cdc diém cua A ing voi cac giatri t=0,t=—4,t= E

c¢) Diém nao trong cdc diém sau thuéc A ?

ﬁgz

Cho dudng thang d c6 phuong trinh téng quat 2x — 3y — 6 = 0.

M(1;3), N(1;-5), P(0; 1), 000 5).

a) Hay tim toa d6 ctia mot diém thudc d va viét phuong trinh tham s6 clia d.

b) Hé

x=2+15

2 c6 phai la phuong trinh tham sé cla d khéng ?
y=——+t

3

c) Tim toa d6 cta diém M thudc d sao cho OM = 2.

&

CHU Y
X=Xy +at
y=yy+bt

a# 0, b # 0 thi bang cdch khir tham s6 7 tir hai phuong trinh trén,
ta di dén

Trong phuong trinh tham so { clia dudng thang, néu

7Y YT (y20,b20). 2)
a b

Phuong trinh (2) duoc goi 12 phuwong trinh chinh tdc ciia dudng thang.
Trong trudng hop a = 0 hoac b = 0 thi duong thing khong cé
phuong trinh chinh tac.

Vi du. Viét phuong trinh tham s6, phuong trinh chinh tdc (néu cé) va
phitong trinh tong qudt cua duong thdng trong moi truong hop sau

a) Pi qua diém A(1 ; 1) va song song vdi truc hoanh ;

b) Di qua diém B(2 ; —1) va song song vdi truc tung ;

c¢) Pi qua diém C(2 ; 1) va vudng goc véi dwong thang d : 5x —Ty +2 = 0.
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Gidi
a) Puong thing can tim c6 vecto chi phuong i = (1 ; 0) va di qua A nén né c6

x=1+1¢ )

phuong trinh tham s6 1a { | va phuong trinh tong quat [a y — 1 = 0.
y =

Duong thang d6 khong c6 phuong trinh chinh téc.

b) Pudng thing cin tim c¢6 vecto chi phuong j = (0 ; 1) nén khong c6

phuong trinh chinh tic. Do duong thang dé di qua B nén né cé6 phuong
x=2 )

trinh tham s0 1a { . va phuong trinh tong quat l[a x — 2 = 0.
y=—1+t¢t

¢) Vecto phap tuyén 7 = (5 ; —7) cla d cling 12 mot vecto chi phuong cta

dudng thang A can tim (do A L d). Do d6 phuong trinh tham s6 cta A

\{x:2+5t =2 y-1

a =

va phuong trinh chinh tac cta A 1a

y=1-7t 5 7

Tu phuong trinh chinh tic (hodc tham s6) cua A, ta suy ra dugc phuong
trinh tong quét ctia A 1a 7x + 5y — 19 = 0.

3
Viét phuong trinh tham s, phuong trinh chinh tic (néu c6) va phuong trinh téng
quat clia dudng thang di qua hai diém M(—4 ; 3) va N(1 ; -2).

Cau héi va bai tép
. . x=1+1 . . . .
7. Cho dudng thang A : hy Hoi trong cdc ménh dé sau, ménh dé
y =2t

nao sai ?

a) Piém A(-1 ; —4) thuoc A.

b) Diém B(8 ; 14) khong thuoc A, diém C(8 ; —14) thudc A.

c) A ¢6 vecto phap tuyén n = (1 ; 2).

d) A c6 vecto chi phuong u = (1; -2).

-8 y+14

e) Phuong trinh al 3 12 phuong trinh chinh tac clia A.

-1 .
f) Phuong trinh XT = lz la phuong trinh chinh tac cua A.
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10.

11.

12.

84

Cho duong thiang A : ax + by + ¢ = 0. Trong cidc ménh dé sau, ménh dé
nao ding ?

a) Vecto 7 = (a ; b) 1a vecto phép tuyén cta A.

b) A c6 vecto chi phuong u = (-b; a).

¢) A ¢ vecto chi phuong i = (kb ; ka) v6i k # 0.

d) A c6 vecto chi phuong u = (5b; —5a).

e) Puong thing vuong géc véi A cé vecto chi phuong i = (a ; b).

Hay viét phuong trinh tham s6, phuong trinh chinh tic (néu c6) va phuong
trinh téng qudt clia dudng thang di qua hai diém A va B trong mdi trudng
hop sau

aA)A=(=3;0),B=(0:5);
b)A=(4;1), B=(4:2);
OA=(-4;1),B=(1;4).

Cho diém A(-5 ; 2) va dudng théng A xT—2 =Yt 3

. Hay viét phuong

trinh dudng thing
a) Di qua A va song song v6i A ;
b) D1 qua A va vudng goc véi A.

Xét vi tri twong doi cia mdi cap dudng thang sau day va tim toa do giao
diém (néu c6) clia ching

x=4-2t . x=8+6t
a) va
y=5+t¢t y=4-3t";

=5+t -

b) X w X 4 y+7
y=-3+2t 2 3
xX=5+t .

c) va x+y—4=0.
y=-1-t

Tim hinh chi€u vuong géc ctia diém P(3 ; —2) trén dudng thang A trong

moi truong hop sau

xX=t
a)A:{
y=1;



wa: o)
3 4

c)A:5x—-12y+10=0.

13. Trén duong thing A : x —y + 2 = 0, tim diém M céch déu hai diém E(0 ; 4)
vaF(4;-9).

14. Cho hinh binh hanh c¢6 toa do mot dinh 1a (4 ; —1). Biét phuong trinh cac
duodng thang chita hai canh 13 x — 3y = 0 va 2x + 5y + 6 = 0. Tim toa do ba
dinh con lai cta hinh binh hanh d6.

KHOANG CACH VA GOC

1. Khoang cach tir mot diém dén mét dudng thang
Bai toan 1. Trong mdt phdng toa do, cho duong thdang A c¢é phwong trinh tong
qudt ax + by + ¢ = 0. Hay tinh khodng cdach dM ; A) tix diém M(x,, ; y,,)
dén A.
Gidi. (h. 72) Goi M’ 1a hinh chiéu clia M trén A vt M
thi do dai doan M’M chinh la khoang céch tir
M dén A. M’

Hién nhién M'M cung phuong vdi vecto phéap

Q
/
=V

tuyén 7i(a ; b) cua A, vay c6 sO k sao cho

o

M'M = kii. (1)
Hinh 72

dM ; A =MM= |k|.| i |=|k| Na* + b*. 2)
Mat khac, n€u goi (x"; y’) la toa do cia M’ thi tir (1) ta c6

{xM—x'zka {x'zxM—ka
' hay <
Yu =Y =kb y'=yy = kb.

T d6 suy ra
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Vi M’ nam trén A nén a(x,, — ka) + b(y,, — kb) + ¢ = 0. Tu d6 suy ra
axy + by, +c¢

k=
az+b2

. Thay gia tri clia k vao (2) ta dugc

|axM + by, + c|
\/a2 + b?

dM ; A) =

1

ﬁHéy tinh khodng cach tir diém M dén dudng th&ng A trong méi trudng hop sau
a)yM(13;14)vaA:4x—-3y+15=0;

x=7-2t

byM(O5 ;—-1)vaA:
pwes: v 7T

Vi tri ciia hai diém déi v6i mot duong thing
Cho dudng thang A : ax + by + ¢ = 0 va diém M(x,, ; y,). Néu M’ 1a hinh
chiéu (vudng goc) cua M trén A thi theo 10i giai cuia Bai todn 1, ta c6

M'M =kii,trong d6 k = axM;LbyszLc.
a“ +b

Tuong tu né€u c6 diém N(x, ; yy) v6i N’ 1a hinh chi€u ctia N trén A thi ta
cling c6

N'N = k'ii, trong d6 k' = &N ;byN; <.
a +b

Cé6 nhdn xét gi vé vi tri ciia hai diém M, N doi véi A khi k va k' cung ddu ?
Khi k va k' khdc ddu ?
Ta c6 két qua sau
Cho duong thdang A : ax + by + ¢ = 0 va hai diém M(xy; ; yu),
N(xy ; yn) khong nam trén A. Khi dé
Hai diém M, N ndm cung phia doi véi A khi va chi khi
(axy; + byy +c)axy +byy +¢) >0 ;
Hai diém M, N nam khdc phia doi véi A khi va chi khi

(ax,, + by, +c)axy +byy +¢) <0.
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2
ﬁCho tam giac ABC c6 cac dinh1a A =(1;0),B=2;-3),C=(-2;4)va
dudng thdng A : x — 2y + 1 = 0. Xét xem A c4t canh nao cla tam giéc.

Ta c6 thé 4p dung cong thic tinh khoang céch dé viét phuong trinh cdc dudng

phan giac.

Bai toan 2. Cho hai duong thdng cdt nhau, cé phuong trinh
Ajtax+byy+c;=0 va Ay:ax+byy+cy=0.

Chitng minh rdng phuong trinh hai duong phdn gidc cia cdc géc tao boi
hai duong thdng dé cé dang
ajx + by + ¢ L Xt byy + ¢

\/alz +b12 \/a% +b22

A

A .
Hay giai Bai toan 2, v6i chu y rang diém M thudc \l/\/ﬂ
mét trong hai dudng phan giac khi va chi khi né :
cach déu hai duong thing A, va A, (h. 73). < i
2 1
Vi du. Cho tam gidc ABC voi Hinh 73

= 0.

A= (%;3J,B=(1 ;2),C=(-4:3).
Viét phuong trinh duong phdn gidc trong cua géc A.

Gidi. Dé thdy cidc dudng thing AB va AC c6 phuong trinh
AB: 4x-3y+2=0va AC: y-3=0.
Cac duong phan giac trong va phan gidc ngoai cua goc A c6 phuong trinh
4x—§y+2+yz3 ~ 0 hoac 4x—2y+2_y;3 _
hay : 4x + 2y —13 = 0 (duong phan giic d)

0;

4x — 8y + 17 = 0 (duong phan gidc d,).

Do hai diém B, C nam clung phia doi v6i dudng phan gidc ngoai va nim
khdc phia d6i v6i duong phan gidc trong cua géc A nén ta chi can xét vi tri

87



ctia B, C doi v6i mot trong hai duong, chang han d,. Thay toa do cua B, C
lan lugt vao vé€ trdi clia d, ta dugc
4-16+17=5>0 va -16 -24+17=-23 <0,
tic 1a B, C nam khdac phia doi véi d.
Vay phuong trinh dudong phan gidc trong cta goc A 1a
dy: 4x-8y+17=0.

2. Géc giira hai dudng thang

DINH NGHIA

Hai duong thang a va b cdt nhau tao thanh bon géc. S6 do nhd
nhdt ciia cdc géc dé duoc goi la s6 do cua goc giita hai duong
thing a va b, hay don gidn la géc giita a va b.

Khi a song song hodc trung voi b, ta quy udc goc giita ching

bang 0°. a

Trén hinh 74, géc giita hai duong thdng a
va b bang bao nhiéu ? Hdy so sanh géc dé
VOi goc giita hai vecto u, Vv va goc giita hai
vecto ', V.

& CHU Y Hinh 74
Géc giita hai dudng thing @ va b duge ki hieu 14 (a, b), hay don
gian 1a (a, b). Géc nay khong vuot qua 90° nén ta cé
(a, b) = (ii,¥) néu (ii,¥) <90°,
(a, b) = 180° — (i ,V) néu (ii,¥) > 90°,

trong d6 u, v 1an luot 1a vecto chi phuong ctua a va b.

e
Cho biét phuong trinh clia hai dudng thng A va A' 1an luct 1a
x=7-2t . x=1+1t
va
y=5-t y=2+3t.
Tim toa d6 vectd chi phuong cla hai dudng thdng va tim géc hdp bdi hai dudng

théng do.
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Bai toan 3
a) Tim cosin ciia géc giita hai duong thang Ay va A, ldn lugt cho bdi cdc
phuong trinh
ax+byy+cy=0 va ayx+by+c,=0.
b) Tim diéu kién dé hai duong thing A, va A, vuong géc véi nhau.

c¢) Tim diéu kién dé hai duong thang y = kx + b vay = k'x + b’ vuéng géc
voi nhau.

]@% 5 (D€ gii Bai toan 3)
Viét toa do hai vecto chi phuong i, cla A, va i, cla A,.
Hay chimng t6 réng cos(A;, A,) = [cos(iiy, ii,)|. Tt d6 di dén cac két qua sau day

|ala2 + b1b2|

Ja? + bF A + 13

vecto phap tuyén clia A, A,.
b) AI 1 Az & aqay + b1b2 =0.

a) cos(Ay, Ay) =

= |cos(ii|, iiy)|, trong d6 7y, i, Ian lugt la

c) Ap dung cau b) hay chiing minh réng diéu kién can va dd dé hai dudng thing
y=kx+bvay=k'x+ b’ vudng gbc la kk'=—1.

6
ﬁﬁm géc gilta hai dudng thdng A, va A, trong méi trudng hgp sau

x=13+1¢ x=5-=-2¢
a)A: A,
y=-2+2t y=7+1t;
b)A :x=5; Ay:2x+y—-14=0;
YA TEA Ay :2x+3y—1=0
C . 22X — = 0.
! y=-4+3t 2 Y

Cau héi va bai tép
15. Trong cdc ménh dé sau, ménh dé nao ding ?

a) Cosin clia goc giita hai dudng thang a va b bing cosin cla gbc giita hai
vecto chi phuong cua ching.
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16.

17.

18.

19.

20.

90

b) Néu hai duong thing A va A' 1an luot c¢6 phuong trinh px +y +m =0 va
X+ py+n=0thi

2lp|

p2+1

cos(A, A" =

c¢) Trong tam gidc ABC ta c6
COSA = COS(E, R).

d) Néu ¢ 1a géc gita hai duong thang chia hai canh AB, AC clia tam giac
ABC thi
AB* + AC? - BC?

2AB.AC

cosQ =

e) Hai diém (7 ; 6) va (=1 ; 2) nam vé hai phia cia dudng thiang y = x.

Cho ba diém A(4 ; —1), B(-3 ; 2), C(1 ; 6). Tinh géc BAC va gbc giita hai
duong thang AB, AC.

Viét phuong trinh dudng thing song song va cich duong thang ax + by + ¢ =0
mot khoang bang 4 cho trude.

Cho ba diém A(3 ; 0), B(-5 ; 4) va P(10 ; 2). Viét phuong trinh dudng
thang di qua P dong thoi cdch déu A va B.

Cho diém M(2 ; 3). Viét phuong trinh dudng thang cit hai truc toa do & A
va B sao cho ABM la tam gidc vuodng can tai dinh M.

Cho hai dudng thang
Aj:ix+2y-3=0,
Ay:3x—-y+2=0.
Viét phuong trinh dudng thang A di qua diém P(3 ; 1) va cat Ay, A, lan

luot & A, B sao cho A tao v6i Ay va A, mot tam gidc can c6 canh ddy la AB.



PUGCGNG TRON

1. Phuong trinh dudng tron
Trén mat phang toa do, cho dudng tron (€)co vA
tam /(x ; yo) va ban kinh R (h. 75).

biém M(x ; y) thuoc dudng tron (¢ )khi va chi
khi IM =R, hay la

[ (= xp)+ (0 — yo) > = R ] )

Ta goi phuong trinh (1) 1a phuong trinh cua Hinh 75
duong tron (€).

1

%Cho hai diém P(-2 ; 3) va Q(2 ; -3).
a) Hay viét phuaong trinh dudng tron tam P va di qua Q.
b) Hay viét phuong trinh dudng tron dudng kinh PQ.

2. Nhan dang phuong trinh dudng tron
Bién d6i phuong trinh (1) vé dang
x2+y2—2x0x—2y0y+ x(z) +y(2)—R2:O,
ta thdy moi dudng tron trong mat phang toa do déu c6 phuong trinh dang
x2+y2+2ax+2by+c=0. 2)

Ngugc lai, phai chang moi phuong trinh dang (2) v6i a, b, ¢ tuy y, déu la
phuong trinh ciia mot duong tron ?

Ta bién déi phuong trinh (2) vé dang

(x+a) ++bY’=d+b —c.
Néu goi I 1a diém c6 toa do (—a ; —b), con (x ; y) 12 toa do cta diém M thi
v€ trai clia dang thic trén chinh 1a IM?. Boi vay ta di dén két luan
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Phuong trinh P y2 + 2ax + 2by + ¢ = 0, vdi diéu kién

2 2 \ \ , \ \ A
a” +b” > c, la phuong trinh cua duong tron tam I(—a ; —b),

bdn kinh R = \a* + b* — .

2
]@% Khi a® + b* < ¢, hay tim tap hop cac diém M cb toa d6 (x ; y) thod man phuong trinh (2).

Trong cdc phuong trinh sau, phuong trinh nao la phuong trinh duong tron ?
A+ —0,14x+5V2y-7=0;  b)3x>+3y> +2003x— 17y=0;
)X 4y —2x—6y+103=0: B+ —2x+5y+2=0;
e)x2+y2—2xy+3x—5y—1:0.

Vi du. Viét phuong trinh duong tron di qua ba diém M(1 ; 2), N(5 ; 2)
va P(1; =3).

Gidi. Goi I(x ; y) va R 1a tam va ban kinh ctia dudng tron di qua ba diém
M, N,P.

Tir diéu kién IM = IN = IP ta c¢6 hé phuong trinh
{(x—l)2 -2 =@ -5+ (-2
-2+ =22 =(x-1% +(y+3)°.
Dé dang tim dugc nghiém ctahélax=3;y=-0,5. VayI=(3;-0,5).
Khi dé R* = IM* = 10,25. Phuong trinh dudng tron can fim 12
(x—3)* + (y +0,5)% = 10,25.
Cé6 thé gidi bai todn bdng cdch khdc.
Gia st phuong trinh duong tron c¢6 dang
x2+y2+2ax+2by+c=O.
Do M, N, P thuoc dudng tron nén ta c6 hé phuong trinh véi ba 4n s6 a, b, ¢
542a+4b+c =0 1

294+10a+4b+c=0 (2"
10+2a—-6b+c=0. (3"
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Tu (1') va (2') suy ra 24 + 8a = 0, do d6 a = — 3. Tu (1') va (3") suy ra
-5+ 10b =0, do d6 b =0,5. Thay a va b vira tim duoc vao (1') ta c6

c=-5+6-2=—1.

Vay phuong trinh duong tron can tim 1a P y2 -6x+y-1=0.

3. Phuong trinh tiép tuyén cua dudng tron
Bai toan 1. Viét phuong trinh tiép tuyén cua duong tron
(@) + 1)+ -2)7°=5,

biét ring tiép tuyén dé di qua diem M(\J5 —1; 1).

Gidi. Pudng tron (€) ¢6 tam I(~1 ; 2) va ban kinh R= /5 .
Puong thang A di qua M c6 phuong trinh

a(x =5+ D)+ by —1) = 0 (véi d* + b =0).
Khoang céch tir I(~1 ; 2) téi duong thang A 12
la(-1 =5+ D)+ b2 - 1| |5+

\/a2+b2 _\/a2+b2 .

Dé A 1a tiép tuyén clia dudng tron, diéu kién cin va du la khoang cdch
d(I ; A) bang ban kinh ctia dudng tron, tic 1a

d i A) =

|—\/§a + b| \/’
a5
\/a2 + b2

hay |—v5a + b| = V542 + 5p% .

Tit d6 b(2b + \J5a) =0, suy ra b = 0 hoac 2b + v/5a =0.
Néu b = 0, ta ¢6 thé chon a = 1 va dugc tiép tuyén
A x—~5+1=0.
Néu 2b + /5a =0, tacé thé chon a =2, b =—+/5 va duoc tiép tuyén
Ay :2x—x/§y+2—x/_20.
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Dé viét phuong trinh tiép tuyén ctia dudng tron, ta thudng ding diéu kién sau
Duong thdng tiép xiic voi duong tron khi va chi khi khodng cdch tir tam
dwong tron dén duong thdng bdng bdn kinh ciia duong tron.
Tuy nhién, dé viét phuong trinh ti€p tuyén ctia dudng tron tai diém M cho
trudc thudc duong tron, ta ¢ cach giai don gian hon.
Bai toan 2. Cho duong tron

x2+y2—2x+4y—2020
va diem M(4 ; 2).
a) Chiing tJ rang diém M nam trén dwong tron da cho.
b) Viét phutong trinh tiép tuyén cia duong tron tai diém M.

Gidi. (h. 76)

a) Thay toa do (4 ; 2) cua M vao v€ trdi cua

phuong trinh duong tron, ta duoc % %M\
11 /)

42 122 _24442-20=0. 0
-2

Vay M nam trén dudng tron.

b) Buong tron ¢6 tam I = (1 ; —-2). Tiép tuyén cua
duong tron tai M 1a dudng thang di qua M va

Hinh 76

nhan MI lam vecto phép tuyén.

Vi MI = (=3 ; —4) nén phuong trinh cua ti€p tuyén la
3x-4)-4(y-2)=0

hay 3x+4y-20=0.

3
ﬁVié’t phuang trinh duding thing di qua goc toa d6 va tiép xtc véi dudng tron
(€): x* +y* = 3x+y=0.

ﬁ‘t
Viét phuang trinh ti€p tuyén cta dudng tron (x — 2)? + (y + 3)2 =1, biét ti€ép tuyén
d6 song song véi dudng thdng A : 3x —y + 2 = 0.
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21.

22.

23.

24.
25.

26.

Céu hdi va bai tap
Cho phuong trinh
Cryapetr(@p-1y=0. (1)
Hoi trong cdc ménh dé sau, ménh dé nao ding ?
a) (1) 1a phuong trinh ctia mot dudng tron.
b) (1) 1a phuong trinh cia mot duong tron di qua goc toa do.

¢) (1) 1a phuong trinh cua mot duong tron c6 tam J(p ; p — 1).

d) (1) 1a phuong trinh cia dudng tron cé tam J[—g - pT_lJ va ban kinh

R = %szz —2p+ 1.

Viét phuong trinh duong tron (€) trong mdi trudng hop sau

a) (‘€) c6 tam I(1 ; 3) va di qua diém A(3; 1) ;

b) (¢) c6 tam I(—2 ; 0) va tiép xic v6i dudong thang A : 2x +y — 1 = 0.
Tim tam va ban kinh ctia dudng tron cho bdi moi phuong trinh sau

)t +y - 2x—2y-2=0;

b)x2+y2—4x—6y+2:0;

) 26 +2y° —5x—dy+ 1 +m> =0.

Viét phuong trinh dudng tron di qua ba diém M(1 ; -2), N(1; 2), P(5; 2).

a) Viét phuong trinh dudng tron ti€p xtc vdi hai truc toa do va di qua diém
2:1).

b) Viét phuong trinh dudng tron di qua hai diém (1 ; 1), (1 ; 4) va ti€p xuc
véi truc Ox.

Tim toa do céc giao diém clia dudng thiang

x=1+2¢
A
y=-2+t

va dudng tron (€) : (x — 1> + (y - 2)% = 16.
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27. Viét phuong trinh ti€p tuyén clia duong tron o+ y2 = 4 trong moi trudng
hgp sau

a) Tiép tuyén song song v6i duong thang 3x —y + 17 =0;
b) Tiép tuyén vuong goc véi duong thang x + 2y —5=0;
¢) Tiép tuyén di qua diém (2 ; -2).
28. Xét vi tri tuong doi ctia duong thang A va dudng tron (‘€) sau day
A:3x+y+m=0,
(€): x> +y* —4x+2y+1=0.
29. Tim toa do cdc giao diém cia hai dudng tron sau day
(€): X" +y* +2x+2y—1=0,

((6’):)(2+y2—2x+2y—7:0.

§ PUGNG ELIP

Duong elip 1a mot duong quen thudc véi chiing ta va thudng gap trong
thuc t&, chang han :

— Béng clia mot dudng tron in trén mat dat bing phang dudi 4nh sing mat
troi thuong 1a mot duodng elip (h. 77).

Hinh 77 Hinh 78
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— Ta dé mot it nuéc mau vao mot coc thuy
tinh hinh tru. Néu dat ding coc nudc trén mat
ban ndm ngang thi mit thodng clia nuGc trong
coc la mot hinh tron, gidi han bdi mot duong
tron. N€u ta nghiéng coc nudc di thi mat
thoang cta nudc dugc gidi han boi mot duong
elip (h. 78).

— Quy dao cua Trai Dat khi quay quanh Mat Hinh 79

Troi la mot duong elip. Cac nha thién van hoc

da phat hién ra ring, trong hé Mat Trdi, mbi hanh tinh déu chuyén dong
theo mot quy dao 1a duong elip (h. 79).

1. Binh nghia dudng elip

]%1 (V& dusng elip)

Em hay déng lén mat mot bang gb hai chiéc dinh tai
hai diém F, va F, (h. 80).
L&y mot vong day kin khéng dan héi, cb dé dai 16n hon
hai lan khoang cach F,F,. Quang sgi day vao hai
chiéc dinh, dat dau bat chi vao trong vong day réi cang
ra dé vong day trd thanh mot tam giac. Hay di chuyén
dau but chi sao cho day luén ludn cang va ap sat mat
g6. Khi d6 dau but chi s& vach ra mét dudng ma ta goi
la dudng elip.

Hinh 80

Trong cdch vé duong elip d trén, goi vi tri dau but chi la M. Khi M thay

doi, ¢ nhdn xét gi vé chu vi tam gidc MF |F,, va vé tong MF| + MF, ?

DINH NGHIA

Cho hai diém c6 dinh F| va F,, véi F{F, =2c (¢ > 0).
Duong elip (con goi la elip) la tdp hop cdc diém M sao cho
MF |+ MF, =2a, trong doé a la sé cho trudc lon hon c.

Hai diém F| va F goi la cdc tiéu diém clia elip. Khodng cdch

2¢ duoc goi la tiéu cu cua elip.
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2. Phuong trinh chinh tac cua elip

98

Yi
truc toa do Oxy c6 goc 1a trung diém ciia doan thang K >M\
F1F5. Truc Oy la duong trung truc cua F(F, va F, >
niim trén tia Ox (h. 81). F 0 j/ X

Voi cach chon hé truc toa do nhu vdy, hday cho

iy

Cho elip (E) nhu trong dinh nghia trén. Ta chon hé

. o A o Lo g N Hinh 81
biét toa do cua hai tiéu diéem F{va F5. "

2
Gia st diém M(x ; y) ndm trén elip (E). Hay tinh MF> — MF} 16i sit dung dinh
nghia MF, + MF, = 2a dé tinh MF, — MF,. Tu d6 suy ra
MF, = a+< va MF, =a -~
a a
Cdc doan thang MF |, MF, dugc goi la ban kinh qua tiéu cia diém M.

Bay gio ta lap phuong trinh cua elip (E) d6i v6i hé truc toa do da chon
nhu trén.

Ta co
cx ex )
MF =a+— = (X+C)2+y2 hay(aJr—j =(x+c)2+y2.
a a
C2
Rit gon dang thic trén ta dugc I-— 24y =d®> -, hay
a
x? y2 ) , 2 2 2, .
— t 5 =1.Via —c¢">0néntacothé data” —c  =b" (v61 b > 0)
a- a -c
va duogc
2 2
L+i=1 @>b>0). (1)
a b

Nguoc lai, c6 thé ching minh duoc riang : Néu diém M c6 toa do (x ; y)
thod man (1) thi ME, = a + =, MF, = a—--> , do dé MF,+ MF, = 2a, tic
a a

la M thuoc elip (E).
Phuong trinh (1) goi 1a phuong trinh chinh tdac cla elip da cho.



Vi du 1. Cho ba diém F (=5 ; 0), Fy(/5 : 0) va 10 ; 3).
a) Hay viét phitong trinh chinh tdc cua elip ¢6 tiéu diém la Fy, F, va di qua I.

b) Khi M chay trén elip dé, khodng cdch MF| cé gid tri nho nhdt va gid tri
[6n nhdt bang bao nhiéu ?
Gidi

X2 2
a) Elip c6 phuong trinh chinh tic — + y—2 = 1. Diém /(0 ; 3) ndm trén elip

a b

2 2
da cho nén —t== 1, suy ra b~ = 9. Theo gia thiét, tiéu cu cua elip do
a b
a2 =FFy=25.Vayc=+5.Dodéa’ =b*+c> =9 +5= 4.
2 2

Vay elip can tim ¢6 phuong trinh chinh tac Ia )1(—4 + 2 =1,

9

~

P A da IN: 14 . N , X
b) Theo cong thic vé do dai ban kinh qua tiéu, ta c6 MF; =a + —. Vi
a

—a < x < anén a—%SMFlSCHL2 hay a —c¢ < MF, < a +c. Do do
a a

MF | c6 gid tri nhd nhét 1a a — ¢ = 14 — /5 khi x = — a va c6 gid tri 16n

nhéftléa+c=\/ﬁ+\/§ khi x = a.

Vi du 2. Viét phuong trinh chinh tdc cia elip di qua hai diém M(0 ; 1) va
N(l; gj . Xdc dinh toa do cdc tiéu diém cua elip dé.

2 2

Gidi. Phuong trinh chinh tic ctia elip c6 dang 2=+ 2= =1 v6i a > b > 0.

a2 b2
NE)

Elip di qua M(0 ; 1) nén % =1 hay b =1. Elip d6 di qua N(l;T)
b

1 o

nén — iz =1, suy ra a’ = 4. Vay elip can tim c6 phuong trinh chinh
a 4b

tac 1a

x2

2
R
4 1
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Tacé ¢2 = a®> —b> =4 —1=3. Vay toa do cdc tieu diém ctia elip d6 1a

Fl=(—\/§;0)véF2=(\/§;0).

3. Hinh dang cua elip
a) Tinh déi xing cua elip
Cho elip ¢6 phuong trinh (1) va mét diém M(x ; yo) nam trén elip. Hoi
cdc diém sau ddy cé ndm trén elip khong ?
M (=g 5 o), Ma(xg 5 =yo)> M3(—xg 5 —yp)-
T d6 suy ra
Elip c6 phuong trinh (1) nhdn cdc truc toa do lam cdc truc
doi xitng va goc toa do lam tam doi xiing.
b) Hinh chit nhat co so
Elip v6i phuong trinh chinh tic (1), cdt truc Ox tai hai diém A va A,, cit
truc Oy tai hai diém B, va B,. Bon diém d6 goi 1a cdc dinh cua elip. Truc
Ox duoc goi 1a truc lon, truc Oy duoc goi la truc bé (hay truc nho). Nguoi
ta cling goi doan A;A, la truc 16n, A
doan BB, la truc bé. B¢ dai truc
16n 1a 2a, do dai truc bé 1a 2b. P B b 0

V& qua A; va A, hai dudng thing /
A Ay

song song vOi tryc tung, vé qua B,

va B, hai dudng thing song song
v6i truc hoanh. Bén dudng thang
do tao thanh hinh chir nhat PORS.
Ta goi hinh chit nhat d6 1a hinh
chit nhdt co so cua elip (h. 82).

|
Q

/Q
Q
=y

S Bi|-b R

Hinh 82

Néu xét diém M(x ; y) nam trén elip cé phuong trinh chinh tdac (1) thi gid
tri nho nhdt va lon nhdt cia x la bao nhiéu ? Gid tri nho nhdt va lén nhdt
cua y la bao nhiéu ?

T d6 suy ra
Moi diém ciia elip néu khong phdi la dinh déu nam trong hinh chir
nhdt co sé ciia né. Bon dinh cua elip la trung diém cdc canh ciia
hinh chit nhdt co sd.
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¢) Tam sai cua elip
Ti s6 giita tiéu cu va do dai truc lon ciua elip goi la tam sai

, . N LA s PRI c
cua elip va duoc ki hiéu la e, titc la e = —.

Ré rangla 0 < e < 1. Hon nita, do 2=

a a
— Né&u tam sai e cang bé (tic la cang gan 0)
thi b cang gan a va hinh chit nhat co s&
cang gan v6i hinh vuong, do d6 duong elip
cang "béo" ;

— Néu tam sai e cang 16n (tic 1a cang gan 1) thi

, b S s oa Ts N )
t1 sO — cang gan t61 0 va hinh chit nhat co so
a

Hinh 83

cang "det", do d6 dudng elip cang "gay" (h. 83).

Vi du 3. Mot duong hdm xuyén qua niii cé chiéu réng la 20 m, mdt cdt
dirng ciia duong hdm cé dang nita elip nhu hinh 84. Biét rang tdm sai cua
duong elip la e ~ 0,5. Hdy tim chiéu cao ciia duong ham dé.

Gidi. Goi chiéu cao cua dudng ham 1a b. Y

Nura truc 16n cua elip 1a @ = 10 m. Elip ¢6

it
Wity
)

L

nta tiéu cu la ¢ = a.e * 5 (m).

U
e

¥
!
!

{h
)

LF

'l-

Chiéu cao cuia ham 1a

b=~a* - c? ~100-25 ~ 8,7 (m). ‘ 5

Hinh 84

=Y

d) Elip va phép co duong tron
Bai toan. Trong mdt phdng toa do, cho dwong tron (€) cé phuwong trinh

2

X +yz:a2

va mot s6'k (0 < k < 1). Véi méi diém M(x ; y) trén (€), ldy

diém M'(x"; y") sao cho x" = x va y’ = ky. Tim tdp hop cdc diém M’
Gidi. Tux'=x,y ' =kysuyrax=x",y = % Diém M thuoc duong tron (€)

khi va chi khi % + y> = d°, tic Ia
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30.

102

2 2 2 y
x'2+y—2=az<:>x—2+ Y 2:1. %) M(x;y)
k a (ka) (E) ;2
Pat b = ka, ta duoc tap hop cic diém M’ 1a 2
elip (E) ¢6 phuong trinh chinh tac 0 z
x2 y2
—2 + —2 = 1
a b

Ngudi ta ndi : Phép co vé truc hoanh theo hé
s6 k bién duong tron (‘€) thanh elip (E).

Hinh 85. Phép co vé truc
hoanh theo hé s6 k =% bién

duodng tron (€) thanh elip (E).

Em co6 biét ?

Nha thién van hoc ngudi Blc Ké-ple (J. Kepler) da chiing minh rang : M&i hanh
tinh trong hé Mat Trdi déu chuyén dong theo quy dao l1a mot dudng elip ma tam
Mat Trai la mot tieu diém.

L Tam sai cla cac quy dao cla 8 hanh tinh da quen thudc
; trong hé Mat Troi nhu sau :
Sao Kim: e~0,0068 TraiDat: e ~0,0167

Sao Méc: e ~0,0484 Sao HaiVuong: e~ 0,0082
Sao Thuy : e ~0,2056 Sao Thién Vuong : e ~ 0,0460
Sao ThG: e ~0,0543

AN T
N Sao Hod: e ~0,0934.
Johannes Kepler Trong cac hanh tinh trén thi Sao Kim, Trai b4t va Sao
(1571 — 1630) Hai Vuong c6 quy dao gan giéng dudng tron hon.

Ngoai ra, ching ta cling biét rang Mat Trang quay quanh Trai D4t theo quy dao
la moét dudng elip ma tam Trai Dat 1a mot tiéu diém. Tam sai clia quy dao nay la
e = 0,0549.

Cau héi va bai tép

2 2
Cho elip (E) ¢6 phuong trinh chinh tac x_2 + y_2 = 1. Hoi trong cac ménh
a b

dé sau, ménh dé nao ding ?



31.

32.

33.

34.

3S.

a) Tiéu cu cua (E) la 2c¢, trong d6 ? =a* - b2,
b) (E) c6 do dai truc 16n bang 2a, do dai truc bé bang 2b.

2 LA . C
¢) (E) c6 tam sai e = ——.
a

d) Toa do céc tiéu diém cua (E) Ia K =(c;0), F, =(;0).
e) Diém (b ; 0) 1a mot dinh cta (E).

Tim toa do cdc tiéu diém, cdc dinh, do dai truc 16n, do dai truc bé clia moi
elip c6 phuong trinh sau
2 2 2 2

a);—5+y—:1; b+l =1 o) x2 +4y? = 4.

4 9 4
Viét phuong trinh chinh tic ctia dudng elip (E) trong mdi trudng hop sau

a) (E) c¢6 do dai truc 16n bang 8 va tam sai e = BN ;

b) (E) ¢6 do dai truc bé bang 8 va tiéu cu bang 4 ;

¢) (E) c6 mot tieu diém 1a F(\/3 ; 0) va di qua diém M(l ; gj

2
X

2

. Y
Choelip(E): — +—=1.

p (E) o T 1
a) Tinh do dai day cung cta (E) di qua mot tiéu diém va vuong goc véi truc
tieu (doan thang néi hai diém cta elip goi la ddy cung cla elip, truc chita
céc tiéu diém goi 1a truc tiéu cia elip).
b) Tim trén (E) di€ém M sao cho MF| = 2MF,, trong d6 Fy, F, lan lugt 1a
céc tiéu diém cta (E) ndm bén trdi va bén phai truc tung.
V¢ tinh nhan tao dau tién dugc Lién X6 (cii) phong tir Trai Dat nam 1957.
Quy dao ctia vé tinh d6 1a mot duong elip nhan tam cta Trai Dat 1a mot
tieu diém. Ngudi ta do dugc vé tinh cdch bé mat Trdi D4t gan nhat 1a
583 dam va xa nhat l1a 1342 dam (1 dam = 1,609 km). Tim tam sai ctia quy
dao d6 biét ban kinh cua Trai Dat xap xi 4000 dam.
Trong mat phang toa do Oxy, cho diém A chay trén truc Ox, diém B chay
trén truc Oy nhung do dai doan AB bing a khong doi. Tim tap hop céc
diém M thuoc doan AB sao cho MB = 2MA.
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PUGCGNG HYPEBOL

Pudng hypebol ciing 13 mot dudng quen thuoc doi véi chiing ta, chang han
— D6 thi cia ham s6 y = — la mot dudng hypebol (h. 86a) ;

X
— Quan sét vung sang hat 1én biic tuong tir mot dén ban ; ving sdng nay
c6 hai mang, mbéi mang dugc giGi han bdi mot phdn cia mot dudng
hypepol (h. 86b).

\y

a4
3

a) b)
Hinh 86

1. Dinh nghia dudng hypepol

DINH NGHIA

Cho hai diém co dinh F|, F, c6 M
khodng cdach F{F, =2c (¢ > 0). Duong
hypebol (con goi la hypebol) la tdp hop
cdc diém M sao cho |MF, — MF,| = 2a,
trong do a la sé duong cho trudc nho

hon ¢ (h. 87).

. 2 C i en .2 Hinh 87
Hai diéem F,, F, goi la cdc tiéu diém

cua hypebol. Khodng cdch FF,=2c goi la tiéu cu cia hypebol.
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C6 thé vé& hypebol nhu sau (h. 88) : L4y mét thudc thAng cé6 mép AB va moét sdi day
khong dan hai c6 chiéu dai I nhé hon chiéu dai AB cla thuée va [ > AB — F(F,. Bong
hai chiéc dinh 1én mat mot bang gé tai £, F,. Dinh mét dau day vao diém A va dau
day kia vao F,. Dat thuc sao cho diém Btrung véi F; va 18y dau but chi ti sat sgi
day vao thudc thdng sao cho sdi day luén bi cang réi cho thuéc quay quanh F, mép

thudc ludn ap sat mat gb. Khi d6, dau bat chi C sé vach nén mét dudng cong. Ta sé
chiing té dudng cong d6 Ia mét phan clia dudng hypebol. That vay, ta ¢o

CF, —CF, =(CF, +CA) — (CF, + CA) = AB —| khéng déi.

Hinh 88

2. Phuong trinh chinh tac cta hypebol

iy

Cho hypebol (H) nhu trong dinh nghia trén.
Ta chon hé truc toa do Oxy c6 goc la trung
diém cua doan thang FF,, truc Oy la dudong
trung truc cta FF, va F, nam trén tia Ox.

Khidé Fy =(-c;0), F,=(c;0) (h. 89).

1 Hinh 89

Gia sit diém M(x ; y) n&m trén hypebol (H). Hay tinh bidu thirc MF? — MF} va sk
MF, — MF,| = 2a dé suy ra

dung gia thiét

cX
a——;.
a

ME, =|a+ | va MF, =

Cédc doan thing MF,, MF, dugc goi 1a bdn kinh qua tiéu cla diém M.
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3. Hin

iy

106

Bay gio ta sé 1ap phuong trinh cua hypebol (H) d6i v6i hé toa do da chon.

Ta cod

MF =(x + c)2 + y2 =

2
a+g| hay (x+c)2+y2 =(a+g) .
a a

2
. 2 . N c
Rut gon dang thic trén ta duoc (1 — —2} X2+ y2 =a’ - c? hay
a
x? y2 2 2 2 2 2
=+ 2=1.Chli}’lr§1nga —c¢"<Onéntacothé data” —c" =—-b

a a —cC

hay b* = ¢ — a® (v6i b > 0), va ta duoc

2 2
x—z—y—2=1(a>0,b>0). (1)
a b

Nguoc lai, c6 thé chitng minh dugc ring : Néu diém M c6 toa do (x ; y) thod

man (1) thi MF, = |a + |, MF, = |a — | va do d6 |MF, - MP| = 2a, tic

1a M thuoc hypebol (H).

Phuong trinh (1) dugc goi 1a phuong trinh chinh tdc cla hypebol.

h dang cua hypebol

2

Tu phuong trinh chinh tc (1) cla hypebol, hay giai thich vi sao né cé cac tinh
chat sau

a) Goc toa dd O l1a tam d6i xiing clia hypebol. Ox, Oy la hai truc d6i ximg clia hypebol.
b) Hypebol cat truc Ox tai hai diém va khéng cat truc Oy.

Ngoai ra, d6i v6i hypebol c¢6 phuong trinh chinh tic (1), ta con ¢6 cdc
khai niém sau day

* Truc Ox (chia hai tiéu diém) goi 12 truc thuc, truc Oy goi 1a truc do cla
hypebol. Hai giao diém clia hypebol véi truc Ox goi 1a hai dinh cta hypebol.
Ngudi ta cling goi doan thing néi hai dinh clia hypebol 12 truc thuc. Khoing
céch 2a giita hai dinh goi 1a dé dai truc thuc, 2b goi 1a do dai truc do.



* Hypebol gém hai phan nam hai bén truc a0, mdi phan goi 12 mot nhdanh
cua hypebol.

* Ta ciling goi, giong nhu véi elip, ti s6 giita tiéu cu va do dai truc thuc la

. PN , 4 C L A~ .
tdm sai cua hypebol, ki hiéu 1a e, tiic [a — = e. Chi y rang ta luon c6 e > 1.
a

Vi du. Cho hypebol (H) :

o 4
Xdc dinh toa dé cdc dinh, cdc tiéu diém va tinh tam sai, doé dai truc thuc,
do dai truc do cua (H).
Gidi. Hypebol (H) c6 a> =9, b =4néna=3,b=2, > =d" + b° = 13,
¢ =+/13 . Vay hypebol (H) c6 cic tieu diém F,= (—/13 ; 0), F, =13 ;0);

cac dinh Ay = (-3;0), A, = (3; 0); tam sai e :g ; do dai truc thuc

2a = 6 ; do dai truc ao 2b = 4.

* Hinh chif nhat tao bdi cic dudng thing x = + q,
y =+ b goi 1a hinh chit nhdt co s¢ cua hypebol
c6 phuong trinh (1) (h. 90). Hai dudng thang
chita hai duong chéo ctia hinh chit nhat co s6 goi
la hai duong tiém cdn cua hypebol. Phuong trinh
hai dudng tiém can dé la

y=x—x.

b
a Hinh 90

3

2 2
Cho hypebol (H) : XT - yT = 1. Lay diém M(x, ; y,) trén (H) v6i x5 > 0, y, > O.

4

Chimg t6 réng khoang céach tir M dén dudng tiém can y = = bang \/g(—z
X0 + yo)

N | =

Nhan xét gi vé khodng cach do khi x, tang dan ?

Nhu vay, khi diém M trén hypebol cang xa goc toa do thi khoang cach tir
diém d6 dén mot trong hai dudng tiém can cang nho di, diéu do ciing cé
nghia la diém M ngay cang gan sat dudng tiém can d6 (diéu nay giai thich

y nghia cta tir "tiém can").
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36.

108

Em co6 biét ?

Hai dudng tron khéong déng tam (O ; R) va (O’ ; R’) c¢6 diém chung M thi hién nhién
MO — MO’| =R - R'|, nén khi gitt 0, 0’ c6 dinh va cho R, R’ thay d8i sao cho

IR - R’
tieu diém 1a o va 0.

= 2a khoéng d8i (a > 0) thi cac giao diém M cling nam trén mét hypebol véi

Hinh 91 minh hoa nhitng hypebol nhu thé vGi cac gia tri khac nhau cla a.
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Hinh 91

Cau héi va bai tép

2
Cho hypebol (H) c6 phuong trinh chinh tac 5
a

ménh dé sau, ménh dé nao ding ?

a) Tiéu cu cua (H) 1a 2c¢, trong d6 =a*+ b

2

b2

1. Hoi trong cac

b) (H) c6 do dai truc thuc bang 2a, do dai truc 4o bang 2b.

¢) Phuong trinh hai duong tiém can ctia (H)la y = £

d) Tam sai cia (H) 1a e = < > 1.
a

a
b

X.



37.

38.

39.

40.

41.

Tim toa do céc tiéu diém, cac dinh ; do dai truc thuc, truc 4o va phuong
trinh cdc duong tiém can ciia moi hypebol c6 phuong trinh sau
2 2 2 2
X Y X Y 2 2
a) ———=1; b) ———=1; c) x“ =9y” =09.
9 4 9 16 g

Cho duong tron (¢) tam F, ban kinh R va mot diém F, & ngoai (€).

Chiting minh ring tap hop tam cdc dudng tron di qua F,, tiép xiic vé6i (€) 1a
mot dudng hypebol. Viét phuong trinh chinh tic cua hypebol dé.

Viét phuong trinh chinh tic cta hypebol (H) trong mdi trudng hop sau

a) (H) c6 mot tiéu diém 1a (5 ; 0) va do dai truc thuc bing 8 ;

. . . 2
b) (H) c6 tiéu cu bang 243 , mOt duong tiém can la y = Ex ;

¢) (H) cé tam sai e = +/5 va di qua diém (\/E 6).

Chiing minh ring tich cdc khoang cdch tir mot diém bat ki thudc hypebol
dén hai dudng tiém can clia n6 1a mot s6 khong doi.

Trong mat phang toa do cho hai diém Fl(—\/_; ~J2) va Fz(ﬁ; J2).

) . e xe aen . <. , 1
Chiing minh rang v6i moi diém M(x ; y) nam trén do thi ham s6 y = —, ta
X

déu co

2 2
MFlz:(x+l+\/§j ; MF22=(x+l—\/§j.
X

X

Tur d6 suy ra |MFl - MF2| = 2.2.

PUCGNG PARABOL

Trong thuc t& ta cling thuong gap dudng parabol, chang han :
— D0 thi clia ham s6 y —ax® +bx+c (v6i a # 0) 1a mot duong parabol ;

— Céc tia nudc phun ra tir voi phun nudc (thuong gap & cac vuon hoa hay
khi tuéi cay) 1a nhitng duong parabol ;

— Puong di cua vién dan dai bac 1a mot duong parabol.
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1. Dinh nghia dudng parabol

Cho mot diém F co dinh va mot duong

thang A c6 dinh khong di qua F. Tdp hop M

cdac diém M cdch déu F va A duoc goi la

duong parabol (hay parabol) (h. 92). F
Diém F duoc goi la tiéu diém ciia parabol.

Duong thing A dugc goi la dwong chudn A

ctia parabol. Hinh 92
Khodng cdach tw F dén A duoc goi la tham s6 tiéu ciia parabol.

Ta c6 thé vé parabol véi tieu diém F
va dudng chudn A nhu sau (h. 93) :
L4y mot éke ABC (vudng & A) va mot
doan day khéng dan héi, c6 dé dai
bang AB. Binh mét dau day vao diém
F, dau kia vao dinh B cla éke. Dat
&ke sao cho canh AC nam trén A, lay
dau but chi ép séat sgi day vao canh
AB va gilt cang sgi day roi cho canh
AC clia éke trugt trén A. Khi d6 dau

M cla but chi s& vach nén mét phan Hinh 93
clia parabol (vi ta luén c6 MF = MA).
2. Phuong trinh chinh tic cua parabol
Cho parabol véi tiéu diém F va dudng chuén A. v
Ké FP vuong goc v6i A (P € A). Bit FP = p (tham sy

sO tieu). Ta chon hé truc toa d6 Oxy sao cho O la
trung di€ém cta FP va diém F nidm trén tia Ox (h. 94).

PONFG 00

Nhu vay ta c6 F = (g, Oj, P = (—g; Oj va phuong A

trinh clia dudng thing A 12 x + g =0.Diém M(x ; y) Hinh 94

nam trén parabol da cho khi va chi khi khoang cach MF bang khoang cach
tr M t61 A, tic la
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x+ L
2|

-]

Binh phuong hai vé€ clia dang thic dé réi rit gon , ta duogc

[ y* =2px (p>0). ] (1)

Phuong trinh (1) goi 1a phuwong trinh chinh tdc ctua parabol.

(), TU phuong trinh chinh tac cla parabol, hay chiing t nhiing tinh chat sau day
" clia parabol

a) Parabol nam vé bén phai cla truc tung.

b) Ox |a truc déi xung cla parabol.

c) Parabol cét truc Ox tai diém O va d6 ciing la diém duy nhat ctia Oy thudc

parabol. Géc toa dé O dugc goi la dinh cla parabol.

Vi du. Viét phuong trinh chinh tdc ciia parabol di qua diém M(2 ; 5).

Gidi. Phuong trinh chinh tic cta parabol c¢6 dang y2 = 2px. Thay toa do cta
2

M vao phuong trinh ta dugc 25 = 2.p.2, suy ra p = 75 Tu do ta duoc

phuong trinh chinh tic clia parabol da cho la y2 = 2—25x.

& CHU ¥
O mon bai s6, ching ta da goi d6 thi cia ham s6 bac hai

2
y=ax +bx+c

1a mot duong parabol.
S6 di ta goi nhu th€ vi d6 thi d6 ciing thoa man >4
dinh nghia cia dudng parabol ma ta vira trinh
bay & trén.
2 A s T ” 2 N y = ax?
Chang han, d6 thi ham s6 y = ax”" (a # 0) la M
N 1 '
parabol c6 tiéu diém F (0 ; —J va duong 0 >
4a 77
1 A
chuén A c6 phuong trinh y + — = 0 (h. 95).
4a Hinh 95
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42.

43.

44.

45.

46.

112

Céu hdi va bai tap

Trong cdc ménh dé sau, ménh dé nao ding ?

a) y2 = —2x 1a phuong trinh chinh tac clia parabol.

b)y= “la phuong trinh chinh tac clia parabol.

c¢) Parabol (P) : y2 = 2x c6 tiéu diém F(0,5 ; 0) va c6 dudng chuédn
A:x+0,5=0.

d) Parabol y2 = 2px (p > 0) c6 tieu diém F(p ; 0) va c6 dudng chuin
A:x+p=0.

Viét phuong trinh chinh tic cta parabol (P) trong moi trudng hop sau

a) (P) cé6 tieu diém F(3;0) ;

b) (P) di qua diém M(1; 1) ;

¢) (P) c6 tham s6 tieu 1 p = %

Cho parabol y2 = 2px. Tim d6 dai day cung cua parabol vuong goc véi truc
déi xitng tai tiéu diém ctia parabol (day cung ctia parabol 13 doan thing noi
hai diém ctia parabol).

Cho day cung AB di qua tiéu diém cta parabol (P). Ching minh rang
khodng céch tir trung diém I cla day AB dén dudng chuin cla (P) bing

1 .
EAB. Tur d6 c6 nhan xét gi vé duong tron duong kinh AB ?

Trong mat phang toa do Oxy cho diém F(1 ; —2). Tim hé thifc giita x, y dé
diém M(x ; y) cdch déu diém F va truc hoanh.

BA PUONG CONIC

Khong phai chi parabol méi c6 dudong chuin, dudi day chiing ta s& thay ring
elip va hypebol ciing c¢6 dudng chuin. Tuong tu dinh nghia cha parabol, ta
ciing c6 thé dinh nghia elip va hypebol dva vao dudng chuin va tiéu diém
cta ching.



1. Pudng chuin cua elip

2 2
Cho elip ¢6 phuong trinh chinh tic -+ 2= =1 (a > b > 0). Khi d6 dudng
a b
thing A, : x +4 -0 goi 12 duong chudn vt
e
M
cua elip, tng vdi tieu diém F{(—c; 0) ; -
R, .
Duong thing A, : x — -0 goi la —%¢ Q £ g x
e
duong chudn cla elip, ting véi tiéu diém A A
Fy(c ; 0) (h. 96). ' ’
Hinh 96
Tinh chat
Vi moi diém M ciia elip, ta luon cé
ME, MF
1 2 e (e<1).

d(M; A d(M; Ay)

Chirng minh
Véi M(x ; y) thuoc elip, ta c6

a+ ex +
MF,:a+£x:a+exvéd(M;A1)=x+g:| |:a ex.
a e e e
MEF,
Suy ra —1L —e
d(M; Ay)
MF:
Chting minh tuong tu ta cling c6 2
d(M; Ay)
YA

2. Pudng chuan cua hypebol

Ta ciing dinh nghia duwong chudn ciia hypebol v
tuong tu nhu doéi véi elip (h. 97). Cho hypebol

RN

2 2 F 0 F, x
(H) 6 phuong trinh — - =1. Cic dudng / ’
a b
. a X a N Al A2
thangAl.x+Z:OvaA2.x—;:0golla Hinh 97
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cac duong chudn cta (H) lan luot ing v6i cdc tiéu diém Fi(—c ; 0) va
F5(c; 0).

Ta ciing dé dang chiing minh dugc tinh chat sau

V&i moi diém M ndm trén (H), ta luon cé
MF, MF
L Z_—¢ (e>1).
d(M; ) d(M; Ay)

Tu nhitng két qua trén, ta nhan thay rdng ba duong elip, hypebol, parabol
déu c6 thé duogc dinh nghia dua trén tiéu diém va dudng chuin. Ba dudng
do c6 tén chung la dudng conic.

3. Dinh nghia dudng conic
Cho diém F c6 dinh va dwong thang A c6 dinh khong di qua F.

i e , . MF . .
Tdp hop cdc diem M sao cho ti s6 ——— bang mot so
d(M; A)
duong e cho trudc duoc goi la duong conic.
Diém F goi la tiéu diém, A goi la duong chudn va e goi la
tdm sai cia duong conic.

Tur dinh nghia trén, két hop véi tinh chat cta elip, parabol, hypebol, ta c6

Elip la duong conic c6 tdam sai e <1 ;
Parabol la duong cénic c6 tam sai e =1 ;
Hypebol la duong conic co tam sai e > 1.

Cau héi va bai tép
47. Xéc dinh tiéu diém va dudng chudn clia cidc dudng conic sau

2 2 2 2

a) y* = 14x; b) =1, c))lc—4—y—=1.

10 7 1

48. Cho dudng thang A : x +y — 1 = 0 va diém F(1 ; 1). Viét phuong trinh cla
duong conic nhan F 1a tiéu diém va A 1a dudng chuén trong méi trudng hop
sau day

. . R : R : 1
a) Tamsaie=1; b)Tamsale:x/E; c)Tamsalezﬁ-
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ON TAP CHUONG III

| - Tém tat nhitng ki€n thirc can nhé
1. Cac dinh nghia
a) 7 12 mot vecto phdp tuyén ctia duong thing A néu 71 # 0 va gia cua 7
vuong goc véi A.
ii 12 vecto chi phuong chia dudng thing A néu ii = 0 va gid cla i song
song hoac trung véi A.
b) Elip : Tap céc di€ém M thoa man MF+ MF,=2a (F\F,=2c¢,0<c<a).
Hypebol : Tap céac diém M thod man IMF,— MF,| = 2a (F\F,=2c, ¢ >a > 0).
Parabol : Tap céc diém M thod man MF = d(M ; A) (d(F ; A)=p > 0).

Duong conic : Tap cac diém M thoa man % =e>0
Néu e < 1 thi duong conic 1a elip.
Néu e = 1 thi duong conic la parabol.
Néu e > 1 thi duong conic la hypebol.
2. Phuong trinh cac duong
a) Phuong trinh duong thdng
—Dang tong quat
ax+by+c=0 (a® + b £ 0), 7i(a;b) 1a mot vecto phdp tuyén.
—Dang tham s6
{x:%+atw2+#¢ox
y=yy+bt
— Dang chinh tac

X—XO

— 270 (420,h20)
a b

0 dang tham s6 va dang chinh tic, dudng thing di qua diém (x; ; yp) va

c6 vecto chi phuong i = (a ; b).
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b) Phuong trinh duong tron
— Puodng tron tam I(x;) ; yg), ban kinh R c¢6 phuong trinh
(x— xo)2 + (- yo)2 - R
— Phuong trinh X+ y2 + 2ax + 2by + ¢ = 0, v6i A +b*—c>0,1a phuong

trinh dudng tron ¢6 tam I (— a ; — b) va ban kinh R = Va® + b — c.

c¢) Phuong trinh chinh tdc cua ba duong cénic va cdc yéu to'lién quan

2
pa

2
—Elip : +
b2

—1(a>b>0), > =d" — b”. Cic tieu diém F(—c ; 0),

Q|><
[\®)

. . . . c . . a
F,5(c;0) ; truc 16n 2a, truc bé 2b ; tam sai e = — < 1, dudong chuan x = +—.

a e
x2 y2

— Hypebol : = —=>=1(a > 0, b > 0), ¢ =a” +b”. Cic tieu diém
a b

F(=c;0), F(c;0) ; truc thuc 2a, truc 40 2b ; tam sai e = < > 1, duong

a
2 (72N R b

chuan x = +—, tiém can y = +—x.

e a

— Parabol : y2 = 2px (p > 0). Tiéu diém F(g ; 0), tam sai e = 1, duong
chudn x = -L£.
2

3. Khoang cach va goc
a) Khoang céch tir diém M(x; ; y,) dén dudng thing A : ax+ by +c=01a
|ax0 + byy + c|
\/a2 +b?

b) Dudng thing A : ax + by + ¢ = 0 tiép xiic véi dudng tron (I ; R) khi va
chi khi

dM ; A) =

d(l ; A)=R.
c) Géc gifta hai dudng thang
Al . a1x+b1y+cl :O,
A2 : 612X+b2y+C2 =0
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dugc xac dinh bai

‘alaz + blbz‘

\/al +b \/2+b2.

cos(Ay, Ay) =

Il - Cau héi tu kiém tra

1.

Cho biét toa do clia hai diém A va B. Lam thé nao dé

a) Viét phuong trinh dudng thing di qua A, B ?

b) Viét phuong trinh dudng thing di qua diém C(x; ; yp) va vuong goc
v6i AB ?

c) Viét phuong trinh ti€p tuyén cua dudng tron (x — x0)2 +( - ) = R?,

biét ti€p tuyén do song song vGi AB ?

Cho biét toa do ba dinh clia mot tam gidc. Lam thé nao dé

a) Tim toa do tam va tinh ban kinh cta dudng tron ngoai ti€p tam giac ?

b) Tim toa do truc tam tam giac ?

c¢) Tim toa d6 tam duodng tron ndi ti€p tam giac ?

Hay chi ra mot vecto phap tuyén va mot vecto chi phuong ctia dudng thang
A néu A c6 phuong trinh nhu sau

a)ax+by+c=0 (@® +b* #0) ;
X = xq + at

b){ 0 (@ + b #0) ;
Yy =yo + bt

o X4 _y=b (m =0, n#0).
m n

Lam thé ndo dé chitng minh hai dudng thing vuong goéc véi nhau hoic
song song v4i nhau, néu bi€t phuong trinh cua ching ?

C6 thé viét phuong trinh cia mot dudng tron khi biét nhitng diéu kién nao
(néu mot so truong hgp thuong gap) ?

C6 thé viét phuong trinh chinh tic cha elip, hypebol, parabol khi biét
nhitng di€u kién nao (néu mot s6 trudng hop thudng gap) ?
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7. Cho phuong trinh
ax® + by2 =1. (1)

a) Vi diéu kién nao cta a va b thi (1) 1a phuong trinh cia mot dudng tron ?

b) Vi diéu kién nao cua a va b thi (1) 1a phuong trinh chinh tac cta elip ?
Cta hypebol ?

Il - Bai tap
1. Xét vi tri twong d6i clia cdc dudng thing A, va A, trong mdi trudng hop sau
a)A;:3x-2y+1=0 va Ay:2x+3y-5=0;

x=4+72¢ x=T7-4t'
b)Alz{ va AZ:{ ‘
y=-1+1 y=5-2t";

=3+ 4t
c)Alz{x Vi Ay:Sx+dy—7=0.
y=-2-5t

2. Cho duong thang A : 3x — 4y +2 = 0.
a) Viét phuong trinh ctia A duéi dang tham so.
b) Viét phuong trinh ctia A duéi dang phuong trinh theo doan chén.
c¢) Tinh khoang céch tir mdi diém M(3 ; 5), N(—4 ; 0), P(2; 1) t6i A va xét
xem dudng thang A cét canh nao ctia tam gidc MNP.
d) Tinh cdc géc hop bdi A va mdi truc toa do.

3. Cho duong thang d :x —y +2 =0 va diém A(2 ; 0).
a) V6i diéu kién nao cta x va y thi diém M(x ; y) thudc nlta mat phing c6
bo 12 d va chia goc toa do O ? Ching minh diém A nidm trong nira mat
phang dé.
b) Tim diém d6i xiing v6i diém O qua dudng thang d.
¢) Tim diém M trén d sao cho chu vi tam gidc OMA nh nhat.

4. Cho dudng thang A : ax + by + ¢ = 0 va diém I(x, ; y,). Viét phuong trinh
dudng thang A' d6i xting v6i dudong thang A qua 1.

5. Mot hinh binh hanh c6 hai canh nidm trén hai duong thing x + 3y — 6 =0
va 2x — 5y — 1 = 0. Biét hinh binh hanh d6 c6 tam doi xing 1a I(3 ; 5). Hay
viét phuong trinh hai canh con lai cua hinh binh hanh dé.
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10.

11.

12.

Cho phuong trinh

Ly eme—2m+1)y+1=0. (1)
a) V§i gia tri nao cua m thi (1) la phuong trinh duong tron ?
b) Tim tap hgp tam cua cac duong tron ndi & cau a).

a) Biét dudng tron (€) c6 phuong trinh x* + y* + 2ax + 2by + ¢ = 0. Chiing

minh ring phuong tich ctia diém M(xy ; yo) d6i v6i dudng tron (€) bing

xg+yg + 2ax, + 2by, + c.

b) Ching minh ring néu hai duong tron khong dong tam thi tap hop cac
diém c6 cung phuong tich d6i vé6i hai duong tron 12 mot duong thiang (goi
12 truc ddng phwong clia hai dudng tron).

Cho hai duong tron c¢6 phuong trinh P y2 + 2a1x + 2byy + ¢y =0 va
P y2 + 2a>x + 2byy + ¢5 = 0. Gid slr ching cat nhau & hai diém M, N.
Viét phuong trinh dudng thang MN.

Cho duong tron (€) : P y2 =4 va diém A(-2 ; 3).

a) Viét phuong trinh cdc tié€p tuyén cta (€) ké tir A.

b) Tinh cdc khoang cich tir A dén hai ti€p diém cla hai ti€p tuyén néi &
cau a) va khoang céch gitta hai tiép diém do.

2 2 2 2
Y

. X y . X
Choelip(E): — +=— =1 vahypebol (H) : — ——=1.

p (E) st ypebol (H) s 1
a) Tim toa do cdc tiéu diém cua (E) va (H).
b) V& phéac elip (F) va hypebol (H) trong cuing mot hé truc toa do.
¢) Tim toa do cac giao diém cua (E) va (H).

2 2
Cho dudng thing A : 2x — y — m = 0 va elip (E) : %+y7= 1.
a) VGi gia tri ndo cta m thi A cat (E) tai hai diém phan biét ?
b) V6i gia tri nao cta m thi A cat (E) tai mot diém duy nhat ?
2 2

) X y
Choelip(E): —+— =1
p (E) TR

a) Xdc dinh toa do hai tiéu diém va céc dinh cla (E).
b) Viét phuong trinh chinh tic ctia hypebol (H) nhan cédc tiéu diém clia (E)
lam dinh va c6 hai tiéu diém 1a hai dinh cta elip (E).
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c) V& phac elip (E) va hypebol (H) n6i ¢ cau b) trong cing mot hé truc
toa do.

d) Viét phuong trinh ctia dudng tron di qua cdc giao diém cta hai dudng
coOnic ndi trén.

13. Cho parabol (P) : y2 = 2px. V6i mdi diém M trén (P) (M khéc O), goi M’ 1a

hinh chi€u ctia M trén Oy va I 1a trung diém cba doan OM’. Ching minh
ring duong thang IM cat parabol da cho tai mot diém duy nhat.

14. Cho parabol (P) : y2 = %x. Goi M, N 12 hai diém di dong trén (P) sao cho

OM 1 ON (M, N khong trung v6i O). Chiing minh ring dudng thing MN
luon di qua mot diém co dinh.

IV - Bai tap trdc nghiém

1.

2.

el

4.
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Duong thang 2x +y — 1 = 0 ¢6 vecto phap tuyén 1a vecto nao ?
(A)n=@2;-1); B) i =(1;-1);
©)n=2:1); (D) n =(-1;2).

Puong trung truc cua doan thfmg AB V61 A =(-3;2), B=(-3;3) c6 vecto
phép tuyén la vecto nao ?

(A) i =(6:5); B)n=(0;1);
(©)ri=(=3:5); (D) n =(-1;0).
Phuong trinh nao 13 phuong trinh tham s6 ctia duong thing x —y +3 =0 ?
(A) (B)

y=3+¢t; y=t;

X=2+t X =t
© (D)

y=1+t; y=3-1t.

g 9 2 X =— 1 + Zt
Vecto nao 1a vecto phdp tuyén cua dudong thang c6 phuong trinh 3 0
y=3-1 7

(A)n=2;-1); B) n =(-1;2);
(©) i =(1;-2); (D) n =(1;2).
Duong thang nao khong cat dudng thang 2x + 3y —1=0?
(A)2x+3y+1=0; B)x-2y+5=0;
(O 2x-3y+3=0; (D)4x -6y -2=0.



10.

11.

12.

Puodng thang ndo song song véi dudng thing x —3y +4 =07

x=1+1t x=1-1t
A B
(){y:2+3t; (){y=2+3t;
x=1-3¢ x=1-3¢
C D
(){y=2+t; (){y:2—t.
N 2 N oo < 2 x:3—t
Puong thang nao song song v6i duong thang
y=-142¢t?
x=5+1 x=5+t
A B
w {23 RN
x=5-2t x=5+4t
C D
(){y:“ (){y:%
Puodng thing ndo vuong géc v6i dudng thang 4x — 3y +1 =0 ?
x =4t x =4t
A B
(){J’:_ -3t (){y:—3+3t;
x =4t x =8t
C D
(){y:—3—3t; (){y:—3+t.
N 2 N N P P N 2 x=-1+1
Duong thang nao vuong goc v6i dudong thang {
y=—-1+2¢t?
(A)2x+y+1=0; B)yx+2y+1=0;
1 1
(C) dx-2y+1=0; (D)’“Ir :%

Khoang céch tir diém O(0 ; 0) dén dudng thing 4x — 3y —5 = 0 bing
bao nhiéu ?
(A)O; B)1;
1

©) -5 (D) 5
Phuong trinh nao 1a phuong trinh ctia dudng tron c6 tam / (-3 ; 4) va ban
kinhR=27
(A) (+3)°+ (-4’ -4=0; B) (x =3 +(y—4"=4;
O (x+3)7+(+4)°=4; (D) (x+3)° + (-4 =2.
Phuong trinh x” + y* — 2x + 4y + 1 = 0 1a phuong trinh ctia dudng tron nao ?
(A) Buong tron c6 tam (-1 ; 2), bin kinh R =1 ;
(B) Buong tron c6 tam (1 ; -2), bAin kinh R =2 ;
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13.

14.

15.

16.

17.

122

(C) buong tron c6 tam (2 ; —4), bAn kinh R =2 ;
(D) Buong tron c6 tam (1 ; -2), bdn kinh R = 1.

2 2
Cap diém nao 1a céc tiéu diém cua elip (E) : 5 + YT =1?
(A Fi,=(£1;0); B)Fi,=(£3;0);
OF,=0;x1D; D) Fi,=005%2).
x2 y2

Elip (E) : s + il 1 c¢6 tam sai bang bao nhiéu ?

3 5
A)e=—; Be=—-—;
(A) 5 (B) 3

2 5
Ce=—; D)e= —.
© 3 (D) 3
Cho elip c6 céc tiéu diém F (=3 ; 0), F2(3 ; 0) va di qua A(-5 ; 0). Diém

M(x ; y) thuoc elip da cho c6 cac ban kinh qua tiéu la bao nhiéu ?

(A) MF, = 5+§x,MF2: 5—%)( :

(B) MF, = 5+%x,MF2= S—gx :

(C)MF, =3+ 5x, MF, =-3 - 5x;
(D)MF, =5 +4x, MF, =5 — 4x.

2 2
Elip (E) : = + 25 =1,v6i p > ¢ >0, ¢6 tiéu cy 1a bao nhiéu ?
p° q
2 2

Ap+q; Bpr—-q;
©p-q: (D) 2yp* - ¢ .

x2 y2
Phuong trinh S 5= 1 1a phuong trinh chinh tac ctia duong nao ?

a b

(A) Elip v6i truc 16n bang 2a, truc bé bang 2b ;

(B) Hypebol vdi truc 16n bang 24, truc bé bang 2b ;

(C) Hypebol véi truc hoanh béng 2a, truc tung bang 2b ;
(D) Hypebol véi truc thuc bang 2a, truc do bang 2b.



18.

19.

20.

21.

22.

23.

24.

2 2

Cip diém nao 1a cdc tiéu diém ctia hypebol % - y? =17
(A) (£4;0); (B) (14 ;0);
(C) (£2:0); (D) (0; £/14).

Cap dudng thang nao 1a cac dudng tiém can ctia hypebol )16_6 -

5
A)y==xt—x;
(A)y 4x

25
Oy=+"x;
Oy 16x

2

Cap duong thang nao 12 cdc dudng chudn clia hypebol x_z -

Ay x=2L
q
2

(OF . R—

2, .2
qg tp

Puong tron nao ngoai ti€p hinh chit nhat co s& ctia hypebol T_6 - —

(A) x> +y2 =25
€)X +y*=16;

2

4
B)yy=+—x;
B)y 5
16
D)yy=%+—ux.
D)y >s
2
q
B =21
p
2
(D) x=+ 2”
q +p

B) x> +y =7;
D) x> +y* =9.

R N N A R 2 2
Diém nao la tiéu diém cua parabol y~ = 5x ?

(A)F(G5;0);

5
© F(iZ’ O) ;

5
® r(300);

5
D) F(Z,Oj.

DPuong thing nao 12 dudng chuin clia parabol y2 =4x?

(A)x=4;
O x==x1;

Conic c6 tam sai e =

(A) Hypebol;
(C) Elip ;

1
V2

la duong nao ?

B)x=-2;
(D) x =—1.

(B) Parabol ;
(D) Buong tron.

Y

2
Y

2
p

> .

2

25

2

=17

2
y

9

=17

=17
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Bai doc thém

& F2V. § ‘ A
@%\\i’% VE BA DUONC CONIC

1. T xa xua, ngudi Hi Lap ching minh dudc rang giao tuyén clla mat nén tron
xoay va mot mat phang khoéng di qua dinh cla mat nén 1a dudng tron hoic dudng
conic (elip, hypebol, parabol) (h. 98). Tiéng Anh, ti cone c6 nghia Ia mat nén, do
do cé tu "dudng conic".

<

Duong tron Elip Parabol Hypebol
Hinh 98

Ngay tUr d4u thoi ki A-l&ch-x&ng-do-ri (thdi cd Hi Lap), ngudi ta da biét kha day dd
vé cac dudng conic qua bd sach gébm 8 quyén clia A-po-16-ni-ut (262 - 190 trubc
Cong nguyén). Cuéi thoi ki d6, nha toan hoc Hi-pa-chi-a (370 - 415 sau Céng
nguyén) da cong bé tac pham "Vé cac dudng conic cla A-pod-16-ni-ut".
Phai rat 1au sau d6, dén thé ki XVII, ngusi ta méi tim thdy nhiing ng dung quan
trong clia cac dudng dé trong su phat trién clia khoa hoc va ki thuat.
2. Ba dudng conic con c6 nhiéu tinh chat chung. Tinh chat quang hoc 1a mét vi
du : M6t tia sang phat ra tor mét tiéu diém cda elip (hay hypebol) sau khi déap vao
elip (hay hypebol) sé bi hat lai theo mét tia (tia phan xa) nam trén dudng thang di
qua tiéu diém thi hai cta elip (hay hypebol) (h. 99).

a)
Hinh 99 Hinh 100



Véi parabol, tia sang phat ra tir tiéu diém (tia t6i) chi€u d&én mot diém clia parabol sé bi
hat lai (tia phan xa) theo mét tia song song (hoac triing) véi truc cla parabol (h. 100).
Tinh chat nay c6 nhiéu (ng dung, chang han :

» Pén pha : Bé mat cla dén pha 1a mot mét tron xoay sinh bdi mét cung parabol
quay quanh truc clia né, bong dén dudc dat & vi tri tiéu diém cla parabol d6 (h. 101).

Hinh 101

« May vién vong vé tuyén ciing c6 dang nhu dén pha (h. 102). Diém thu va phat
tin hiéu cla may dudc dat & vi tri tiéu diém cda parabol.

.
7’

’
Tiéu diém,”
7

7
’

O ¥ My vién vong vé tuyén

Hinh 102 Hinh 103
* Hinh 103 la m6 hinh mét 16 phan (ing hat nhan dudc xay dung & Mi. M4t ngoai cla
16 1a mat tron xoay tao bGi mét cung clia hypebol quay quanh truc o cda nd.

3. Chung ta da biét quy dao cla cac hanh tinh trong hé Mat Troi la dudng elip. Doi
vGi cac vé tinh nhan tao va cac con tau vi tru, khi phéng 1én, ngudi ta phai tao cho
chuiing c6 van téc thich hop dé dugc quy dao 1a elip, hypebol hoac parabol.
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Ngoai ra, ngudi ta con (ng dung cac tinh chat cla ba dudng cénic trong cac
nganh xay dung, hang khéng, hang hai,... (h. 104).

Hinh 104

BAI TAP ON CUOI NAM
Trén hinh 105, ta c6 tam gidc ABC va cdc Ay
hinh vuong AA'BB, BB'C|C, CC'A,A.
Chitng minh cdc déng thic sau A

a) (AA’ + BB).AC =0 ;

b) (AA’ + BB’ + CC").AC = 0 ; B

c)@+ﬁ+@=6;

d) A—B'1+B_C'1+C_A'1=6.

B C,
Hinh 105

Cho tam gidc ABC vuong tai A, AB = ¢, AC = b. B

Goi M la diém trén canh BC sao cho CM = 2BM,
N 1a diém trén canh AB sao cho BN = 2AN (h. 106).

a) Biéu thi cdc vecto AM va CN theo hai vecto N
AB va AC.

b) Tim hé¢ thdc lién hé gita b va ¢ sao cho A C
AM 1 CN. Hinh 106




Cho tam giac ABC v61 AB =4, AC =5, BC =6.
a) Tinh cac goéc A, B, C.
b) Tinh d6 dai cac duong trung tuyén va dién tich tam giac.
c¢) Tinh céc ban kinh duong tron noi ti€p va ngoai ti€p tam giac ABC.
Cho tam gidc ABC.
» B+ -d

a) Tam gidc ABC c6 tinh chat gi néu ¢ = ——— ?
b+c—-a

b) Biét 2_1 + i, chitng minh rang 2sinA = sinB + sinC.
a b hc

Trong mat phing toa do Oxy cho hai hinh chit nhat OACB va OA’C’B’ nhu

hinh 107. Biét A(a ; 0), A'(a’; 0), B(0 ; b), B'(0 ; b") (a, a’, b, b’ 1a nhiing s6

duong, a #a’, b #b’).

a) Viét phuong trinh cdc duong thing y A

AB’'va A'B.
b) Tim lién hé giita a, b, a’, b’ dé hai B’ ¢
duong thang AB’ va A’B cét nhau. Khi 3 C

do6 hay tim toa do giao diém I cla hai
duong thang dé.

¢) Ching minh riang ba diém I, C, C’
thang hang.

5‘\"

0 A A’

d) Vé6i diéu kién nao cua a, b, a’, b’
thi C 12 trung diém cta IC’ ?
Trong mat phéng toa do Oxy cho hai diém A(3 ; 4) va B(6 ; 0).

a) Nhan xét gi vé tam gidc OAB ? Tinh dién tich cua tam gidc do.

Hinh 107

b) Viét phuong trinh duong tron ngoai ti€p tam giac OAB.
¢) Viét phuong trinh duong phan giac trong tai dinh O cta tam giac OAB.
d) Viét phuong trinh dudng tron noi ti€p tam giac OAB.

Trong mat phang toa do, v6i mdi s6 m = 0, xét hai diém M,(— 4 ; m) va

m

a) Viét phuong trinh dudng thang M M,.
b) Tinh khoang céch tlr géc toa do O t6i dudng thang M M,.
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¢) Chiing t6 rang duong thang MM, luon tiép xic v6i mot dudng tron c6 dinh.
d) Lay cdc diém A;(—4 ; 0), Ay(4 ; 0). Tim toa do giao diém I cua hai
dudng thang A\M, va A,M,.

e) Chitng minh ring khi m thay déi, I luén luén nim trén mot elip (E) co
dinh. X4c dinh toa do tiéu diém cua elip do.

2 2

Cho hypebol (H) cé phuong trinh ’;—6 Y

4
a) Viét phuong trinh cac duong tiém can cta hypebol (H).
b) Tinh dién tich hinh chit nhat co s& cua hypebol (H).

¢) Chitng minh ring cdc diém M(S : %) va N(8; 2+/3) déu thuoc (H).

d) Viét phuong trinh dudng thang A di qua M, N va tim céc giao diém P, Q
cua A véi hai duong tiém can ctua hypebol (H).

e) Chitng minh ring cdc trung diém cta hai doan thang PQ va MN
trung nhau.

Cho parabol (P) c6 phuong trinh y2 = 4x.

a) Xdc dinh toa do tiéu diém F va phuong trinh dudng chuin d cia (P).

b) Pudng thang A c6 phuong trinh y = m (m # 0) lan lugt cat d, Oy va (P)
tai cdc diém K, H, M. Tim toa do cta cdc diém do.

c¢) Goi I 1a trung diém cla OH. Viét phuong trinh dudong thang IM va
ching t6 ring dudng thing IM cat (P) tai mot diém duy nhat.

d) Ching minh rang MI | KF. Tt d6 suy ra MI 1a phan gidc cua géc KMF.



HUGNG DAN - DAP SO

Chuong |
2. a) Sai ; b) buing ; ¢) Sai ; d) Ding ; e) Dung ;
f) Sai. 3. Cic vecto d, ;l, ¥, y cung phuong,

cic vecto b, u cung phuong. Cic cap vecto

i
.
d

cing huéng : @ va v ;dvay ; b vai.Cic

cdp vec to bing nhau : @ va vV ; b va ii.
4. a) Sai ; b) biing ; c) Pung ; d) Sai ; e) Ding ;
f) bing. 7. Hinh thoi. 9. a) Sai ; b) Dung.
11. a) Sai ; b) bing ; c) Sai ; d) bung.
12. M, N, P nam trén dudng tron (O) sao cho
CM, AN, BP la cidc duong kinh cua (O).
13. a) 100N ; b) 50N. 16. a) Sai ; b) bung ;
¢) Sai ; d) Sai ; e) Ding. 17. a) Tap rong ;
b) Tap gém chi mot trung diém O cia AB.

21. loa+oBl = |loA-0B = o2
1304 + 408l = 54 : %Eﬁz,s&é‘ =

V541 . Yoa —30_3" _ 6073
4 4 7 28

2. 5A71=%b71+ob§ : m:g%%@ :

—_—

H\i:-&ﬁ%(ﬁ : MB:—%O_A+O_B.

25. AB=-d+b ; GC=-a-b ;
BC =—-d-2b ; CA=2a+h.
26. AA'+ BB +CC'=0. 27. Ching minh
PO+RS+TU =0. 29. b), ¢), e) Ding ;
a), d) Sai. 30. @ = (-1 ; 0, b = ( 0 ; 5),
- 11

¢=@;4,d=|--;=| ¢=(0,15;13),

G ( 2 2) ( )
f=@m;-cos249. 31 a)ii = (2 ; -8) ;
b))‘c’=(—6;1);c)k=4,4;l=—0,6.32.k=%.

33. Cdc ménh dé ding 1a a), ¢), e) ; Cac ménh
dé sai 1a b), d). 34. b) D=(-7;7) ;

C) E Z(%,Oj 35. M](.X,_y), Mz(_X;y)a

M5(—x ; — y). 36. a)Trong tam cla tam gidc la
GO;1);0)D=@;-1D) ;) E=(-4;-5).
On tap chuong I

1. AB+BC = AC CB+BA = CA
AB + CA = CB BA+CB=CA
BA +CA = BD (D 1a diém doi xing cla
C qua diém A) ; CB - CA = AB
AB-CB = AB + BC = AC ; BC - AB = BE
(E 1a diém sao cho ABCE 1a hinh binh hanh).
2. OA = OB. 3. St dung déng thic

OA + OB + OC + OD = 0. 4. a) M 1a dinh clia
hinh binh hanh ABCM ; N la trung diém

3

5 3
cuia AD. b =—;qg=——.5.a) k==
) P 14 2 ) 5

6. a) Ching minh AB va BC khong cing
phuong ; b) D=(2;-6);¢) E=(-3;-5).
Bai tap triac nghiém chuong I

1.(O;2.B);3.(D);4(O);5.(A); 6. (C)
7. (A): 8. (B) ; 9. (B) ; 10. (A) ; 11. (O) ; 12. (D);
13. (D); 14. (A) ; 15. (D) ; 16. (B) ; 17. (D);
18. (B); 19. (D); 20. (A); 21. (B); 22. (B); 23. (B).

Chuong Il

1. a) [%_ﬁ_IJ(H?J . b L

4

2. a) 25in80° ; b) cosa. 4. a.b duong khi hai
vecto a , b khdc 0 va géc (a , b) bé hon 90° ;
am khi hai vecto a ,75 khic 0 va gbc (2 ,E)
16n hon 90° ; bing O khi hai vecto a va b
1+ \/§ . 2+ \/.;)
o .

2
10. a) Chd y ring hinh chi€u cla vecto

AB trén dudng thing Al 1a vecto AM ;
b) AM.AI + BN.BI =4R*. 12. Tap hop cdc
diém M 1a dudng thang vuong géc véi OB tai H,

vuong goc. 5. 360°. 6. a) b)
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O la trung diém cta AB, H nam trén tia OB sao

2
cho OH:i—. 13.a) k=-40;D) k:ig.
a

14. a) Chu vi tam gidc 1a 6 + 6v/5 , dién tich

[218;b)G=(0;1), H=(l;1), 1=(—l;1)-
2 4

15. cosA = %, A ~50°.16. BC =7.17. Ban

Cudng (BC =+/37 ~ 6,1 km). 19. a ~ 49 ;
¢~55.20.R~35.22. AC ~ 857 m, BC ~ 969 m.
24. m, ~ 6,1. 25. AD ~ 8,5. 26. AC ~ 58.
29.5~163.33.2) C =80%bh~9,1,a~123;
b) B=75a~23,c=b=45;c) B = 20°,
a~260,b~138;d A =40° b ~ 2123,
1794. 34. a) A=B = 63° ¢ ~ 57 :
b) ax 538, B ~36° C ~57°;¢) c ~ 28,0,
A~ 11°% B~39° 35.2) A ~ 43°, B ~ 61°,
C °ib) A~ 55° 85°, C ~ 40°
c)2z340 . B~44° ; C ~102°. 36. 6,6 N.
37.17.4m. 38. 189 m.

On tap chuong 11

c =

Q

14

B~
; C

2. Tap hop cdc diém M c6 thé 1a dudng tron,
diém G hodc tap rong tuy theo céc gid tri cla k.

4. Biéu thi cdc vecto qua AB, AB', AC, AC.

5. a)BMza\/E , BNzﬁ, MN=“*/E;
4 2 4
. A . 54°
b) ABMN wvudng can tai M, S = 16.
c) zcz“ﬁ; d)Rzam. 6. a) (e.f)~
3 4
61056';b)m=—4;c)nz—i.S.Slénnhéit

khi va chi khi C =90° 9. S =96 h, = 16 ;
R=10;r=4.12.2) AB> + CD* = 8R* - 40P* ;
b) PA> + PB* + PC* + PD* = 4R" .

Bai tap trac nghiém chuong II
1.(B);2.(0);3.(A);4.(D);5.(A);6.(B);
7.(B); 8. (D) ; 9. (C) ; 10. (B); 11. (A) ; 12. (C);
13. (B) ; 14. (A); 15. (C); 16. (C).
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Chuong Il
1. C4c ménh dé ding 1a a), b), ¢) ; Cac ménh dé
sailad),e).2.2)y=0;b)x=0;¢c)y—y;=0
Op#20) 5 d) x —x9 =03 e) ypr — xgy = 0.
3. 2x+5y+?:0.4. a)x—2y+1=0;
b) 2x + y - 3 =

b) M ’(% %j 6. a) Hai duong thang cit nhau

0.5.ayx—-y-2=0;

, , 9 21
o diém | —; b) Hai dudng thing son
( 5 3 9j ) g thing song

song ; ¢) Hai dudng thang tring nhau. 7. Cic
ménh dé ding 1a b), d), e), f) ; Cac ménh dé€ sai
1a a), ¢). 8. Cic ménh dé ding 1a a), b), d), e).
. .o x =-3+3¢
Ménh dé sai 1a c¢). 9. a)
y=>5t
x=4

x+3 .
y=1+¢t"

3
Khong ¢6 phuong trinh chinh tic ; x — 4 =0 ;
{X:—4+5t x+4 y-1
c ;—— = —

g Sx—3y+15=0; b){

; ;3x—-5y+17=0.
=1+3¢ 5

x+5 y2

10.2) 22 .b)x—=2y+9=0.11. a) Hai

dudng thang song song ; b) Hai duong thang

cat nhau tai (0 ; —13) ; ¢) Hai duong thang
67 56j

257 25

o[22 .290) py gy (13, 97
169 169 18 18
14. B = z,i ;D = H;—§ ;

11 11 11 11

C = —E;—E . 15. Cic ménh dé b),
11 11

c), e) ding. Hai ménh dé a) va d) sai.

16. 43°36. 17. ax+by+c+nd> +b° =

trung nhau. 12. a) 3 ; 1) ; b) (

ax+by+c—-h a® + b? =0.18. x+2y—-14
=0;y — 2 = 0. 19. Khong toén tai.
20. A+2)x -3+ (-1 =0 ;
A-V2)x=3)+(y-1)=0. 21. a) b) va



d) Diing ; ¢) Sai. 22. 2) (x — 1)> + (y = 3)° =8 ;
) x+2%+y> =523 2 I1;1),R=2;

NITRS 1(3;1),
4
R:i\/33—8m2 v6i diéu kien |ml < /?

U -3+ =825 - 1P+ - =1

- 5% + (¢ - 5 =25 b) (x-3)

+( —2)2—§ vé(x+1)2+( sz—é
Y75) T Y7o Th

26.(1;-2) va (%;—%}.27.@3;(—% 2410

b) I2 ; 3), R =

=0va3x—y— 210 =0;b)2x—y+ 23/5 =0
va2r—y—23/5=0;¢c)y+2=0vax—2=0.
28. lm + 5| > 24/10 : A va (@) khong cét nhau ;

|m+5|:2\/ﬁ'tié’le’]C'|m+5|<2\/_'
cat nhau. 29. _2+\F1 ; —§,—2+ﬁ
2 2 2 2

30. a), b) va d) ding ; c) va e) sai. 31. a) Toa do
céc tieu diém la (ix/ﬁ ; 0) ; Toa do cdc dinh
1a (£5; 0) va (0 ; £2). Do dai truc 16n 2a = 10,
do dai truc bé la 2b = 4 ; b) (ix/g ;0),
#3;0)va(0;42);2a=6,2b=4;c¢) (J_r\/g ;0),

2 ; 0) va (0 ; 1), 2a = 4, 2b = 2.
2 2 2 2

32,00 —+2 =1 ;b)) 4+l =1
16 4 20 16

2 2
) %+yT:1, 33. a) MN=|)’M‘)’N|:g

o o395 (B2 )
4 4 4
34. ¢ ~ 0,07647. 35. Tap hop diém M Ia elip

2 2
c6 phuong trinh ——— + = = 1. 36. Cic

SRS
3 3
ménh dé a), b), d) ding ; ¢) sai. 37. a) Tiéu diém

Fi(=13 ; 0), Fo(\13 ; 0). Do dai truc thuc
2a = 6. Do dai truc 4o 2b = 4. Phuong trinh

cdc dudng tiém can y = i%x
F1(=5;0), F(5 ; 0). B dai truc thyc 2a = 6. Bo

dai truc 4o 2b = 8. Phuong trinh cic dudng tiém

; b) Tieu diém

cany = i%x ; ¢) Hai tiéu diém 12 (—\/ﬁ : 0)

va (\/E ; 0). Do dai truc thuc bang 6, do dai truc
40 bang 2. Phuong trinh cdc dudng tiém can

2 2
)’=i%x. 38— - Y S =1
Blifzes
2
xz y2 x2 y2
9.0 =Y o oY oy
ST TN
13 13

) XT_yT =1.42. a), b) va d) sai ; c) ding.

43.2)y> = 12x:b) Y =x;0) ) =§x.44. 2p.

45. d(I ; A) = 1AB Puong tron duong kinh AB

ti€p xic v6i duong chuin A, 46.

y:—lx2+lx—é . 47,
4 2 4
F(3,5 ; 0), dudng chudn x + 3,5 =0 ; b) Tiéu diém
10
tx+—==0.

V3

0), dudng chuén A, :

a) Tiéu diém

Fi(—/3 ; 0), dudng chuén A,

Tieu diém F, (3 ;
v =20 _ 0 ) Tieu diém F(—/15 ; 0), dudng

V3

chuén A, 14

: X + —— = 0. Tieu diém F,(~/15 ;0),

J15
14

dudng chudn Ay : x ——— =0

Ji5

On tap chuong III
1. a) A;, Aycét nhau ; b) A // Ay ;

{ x=-2+4t
2. a) 'b)—+—=1;c)d(M;A)
y

=143 " 201
=18;d(N ;A=

C) A]

3 2
2;d(P;A)=0,_8; A cit hai
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canh MP va NP, khong cat canh MN. d) Goi a va
Alan luot 1a géc giita A v6i Ox va Oy, a~36°52';
Lf~538.3.a)x-y+2>0.b0)0=(2:2);
M= (—%; %) 4. ax+by +c — 2axy+byy+¢)
=0.5.x+3y-30=0va2x-5y+39=0.

6.2a) m < —g hoac m > 0 ; b) Tap hop tam cha

c4c dudng tron I3 hai phan ciia dudng thing 6 phuong
. 4

trinh 2x + y — 1 =0, ¢ng v6i x < 0 hodc x >g.

8.  2a —ay)x+2(by —by)y+cg —cy =0.
9.2)x+2=0,5v+12y-26=0;b) AT =AT'=3,
12 .

TT' = —. 10. a) (E) c0 hai tiéu diém (-1 ; 0)

Vi3
va (1;0); b) (H) c6 hai tieu diém (-3 ; 0) va
G ;0 ;o (5:0 v (¥5;0).
11. a) 2J6 <m<2J6 ; b) m=1+26.
12. a) Elip ¢6 céc tieu diém (-4 ; 0), (4 ; 0), cic
dinh (-5;0), (5 ;0 va(0;-3),(0;3);

2 2
b) -2 =14 x2+y2:%.

16 9
Bai tap tric nghiém chuong II1

1. (O); 2. (B); 3. (A); 4. (D); 5. (A); 6. (D); 7. (B);
8. (A); 9. (B); 10. (B) ; 11. (A); 12. (B); 13. (A);
14. (D); 15. (A); 16. (D); 17. (D); 18. (B); 19.
(A): 20. (C); 21. (A); 22. (D); 23. (D); 24. (C).

On tap cudi nam
1. ¢) bat ii=AA' +BB' +CC' ta b
L‘Z.R:O,Q.E:O,suyraﬁ:ﬁ;d)Phén

tich méi vecto AB,, BC,, CA, thanh téng hai

vecto theo quy tic hinh binh hanh.
2. @) AM = S4B + 3 AC: CN = 4B - AC :

b) 36% = 2¢%. 3. a) A ~ 83°, B ~ 56°, C ~ 41°.

46 79 V106
b) my=——, my=—-, m.=——,
2 2 ' 2

87

S:%\ﬁ ;c)r:g,R:TT 4. a) Tam

132

gidc ABC c6 A = 60° ; b) Sit dung S = %a.h

a
1 1 . ,

= Eb-hb: Ec.hc. S5.a)AB’:b'x +ay —ab'=0,

A'B:bx+a'y—ab=0;b) AB’ va A'B cit nhau

khi %;ﬁi' hay a'b’ — ab # 0, giao diém
a

; ;) Cl=— E
ab—ab a'b'—ab a'b'—ab

](aa'(b'—b)' bb'(a'—a)j —
suy ra CI va CC' ciing phuong, hay ba diém
ClLcC théng hang ; d) a’b’ = 2ab. 6. a) OAB la
tam gidc can tai A, Spap= 12 ; b) (x — 3)* +

2
[y—ZJ -2 ox-y =0 -3

8

3% 9 16
(y—zj =Z . a) (z—mj(x+4)
-8y-my=0 ; b) dO;MM,)=4 ;
c) Puong thing M;M, luon ti€p xdc véi
duong tron tam O, ban kinh R = 4 ;
_ 4(m* - 16) 16m
w416 m? +16

d) x] ) 5

2 2

e) I ndm trén elip )1(_6 + yj = 1. Hai tiéu diém

F(=23;0) va K(2V3:0). 8. a) y :% va

y:—g 15)32;d) W3 -3 —6y—2003+24=0,
xp=8+2x/§,yp=4+\/§,xQ=5—2\/§’
Yo = ‘75+\@ . ¢) Goi I va J lin lugt Ia

trung diém MN, PQ thi x; = x;. Do I, J
ciing thuoc dudng thang MN nén I = J. 9. a)
F1;0,d:x+1=0;b)K=(-1;m),
m2 2
H=(0;m), Mz(T ; mJ ;0 dx—2my+m-=0;

d) Pudong thing IM c6 vecto phdp tuyén
n=(4;-2m), KF cling phuong véi 7. Vay
KF 1 IM.



BANG THUAT NGU

B

Ban kinh qua tiéu (d6i véi elip) 98

Ban kinh qua tiéu (d6i véi hypebol) 105

Biéu thi mot vecto theo hai vectd khong
cung phuong 22

Biéu thic toa do clia cac phép toan
vecto 28

Biéu thiic toa d6 cla tich vé huéng 50

Binh phuong v6 hudng clia mét vecto 46

Cc

Coéng thitc Hé-rong 59
Cong thac hinh chiéu 49
Cong thirc trung tuyén 58

D
Dién tich tam giac 59

b

Diéu kién dé ba diém thdng hang 21
Diéu kién dé hai vecto cling phuong 21
Dinh cla elip 100

Binh cla hypebol 106

Pinh cla parabol 111

BPinh i cbsin trong tam giac 53

DPinh Ii sin trong tam giac 55

Do dai cla vecto 7

Do dai dai s6 26

Pudng conic 112, 114

Pudng chuén cua elip 113

DPudng chuén cla hypebol 113

DPudng chuin cla parabol 110
Puadng tiém céan clia hypebol 107
buong tron 91

E

Elip (dudng elip) 96

G
Giai tam giac 61
Gia tri lugng giac clia mét goc 41
Goc giira hai vecto 44
Géc giifa hai dudng thdng 88
Gaoc toa do 25

H

Hé truc toa d6 25, 26

Heé s6 gbc clia dudng thdng 77

Hiéu cla hai vecto 15, 16

Hinh chit nhat co sé (d6i vai elip) 100
Hinh chir nhéat ca sé (d6i véi hypebol) 107
Hoanh d6 27, 40

Hypebol (dudng hypebol) 104

K

Khodng cach tir mot diém
dén moét dudng thdng 85

M
Ma&t phang toa d6 26

133



N

Nhanh cla hypebol 106

P

Parabol (dudng parabol) 109, 110
Phuong tich clia mét diém

déi v6i mot dudng tron 50
Phuong trinh cac dudng phan giac 87
Phuong trinh chinh tac clia dudng thdng 82
Phuong trinh chinh tac cha elip 98
Phuong trinh chinh tc cGa hypebol 105, 106
Phudng trinh chinh tac clia parabol 110, 111

Phuong trinh dudng th&ng theo doan
chan 77

Phuaong trinh dudng tron 91

Phudng trinh tham s6 clia dudng thdng 80
Phuong trinh tiép tuyén clia dudng tron 93
Phuong trinh t8ng quat ctia duding thdng 75

Q

Quy téc ba diém 12
Quy tac hinh binh hanh 12
Quy tac vé hiéu vecto 16

T

Tam giac Hé-rong 60

Tam déi xing cla elip 100

Tam doi xing cha hypebol 106

Tam sai cla dudng conic 114

Tam sai cta elip 101

Tam sai cla hypebol 107

Tam sai cla parabol 114

Tham s6 tiéu cta parabol 110

Tich clla mot vects vGi mot sé 18, 19
Tich v6 huéng cla hai vectd 39, 44, 45
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Tiéu cu cla elip 97

Tiéu cu cla hypebol 104

Tiéu diém cla dudng conic 114
Tiéu diém cla elip 97

Tiéu diém cla hypebol 104

Tiéu diém cla parabol 110

Toa d6 ctia mot diém 25, 28

Toa do cla vecto 25, 26

Toa d6 cla trong tam tam giac 29
Toa dd trung diém ctia doan thang 29
Téng hai vecto 9, 10

Tung d6 27, 40

Truc 40 106

Truc bé 100

Truc d&ng phuong cla hai dudng tron 119
Truc d6i xiing cla elip 100

Truc d6i x(ing cta hypebol 106
Truc d6i x(ing clia parabol 111
Truc hoanh 26

Truc I6n 100

Truc thuc 106

Truc toa d6 25

Truc tung 26

Vecto 3, 4

Vecto bang nhau 7
Vecto chi phuong 80, 81
Vectd cung huéng 5, 6
Vectd cung phuong 5
Vecto do6i 15, 16

Vecto - khéng 5

Vecto ngudc huéng 6
Vecto phap tuyén 75
Vecto vuéng géc 44

Vi tri tuong déi cGia hai dudng thdng 78



MUC LUC

Trang
Chuong I - VECTO
§1. Cac dinh nghia 4
§2. T6éng cla hai vecto 9
§3. Hiéu cla hai vecto 15
§4. Tich clla mot vecta v6i mot so 18
§5. Truc toa do va hé truc toa dé 25
On tap chuong | 32
Chuong Il - TICH VO HUONG CUA HAI VECTO VA UNG DUNG
§1. Gia tri luong giac ctia mot goc bat ki (tir 0° d&n 180°) 40
§2. Tich v6 huéng clia hai vecto 44
§3. Hé thirc lugng trong tam giac 53
On tap chuong Il 68
Chuong Ill - PHUONG PHAP TOA BO TRONG MAT PHANG
§1. Phuong trinh téng quat cla dudng thing 75
§2. Phuong trinh tham s6 clia dudng thang 80
§3. Khoang cach va gbc 85
§4. Budng tron 91
§5. Buong elip 96
§6. Budng hypebol 104
§7. Budng parabol 109
§8. Ba dudng conic 112
On tap chuong llI 115
Bai tap 6n cudi nam 126
Huéng dan - Pap s6 129
Béng thuat nglr 133
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